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A combinatorial inequality and its applications
to L'-spaces’

By M. COTLAR

¢ an estimate of the norm for a certain class
of operators T in [ spaces. Since the composition of operators gene:
yally improves their norms, ouv idea is to decompose T into a sum
T—T,+ ... Ty, in such a way that T:T; is very small when |i —j/
is great,

This estimate, together with the results of the two following pa-
pers, will permit us to unify the theory of Hilbert transforms and

ergodic theorems.

Lu this paper we giv

1. Generalized integrals. Let B =1, 2.... N bea ftinite set of N
ents, and y a set funetion assiggning to each subset HeEa
non-negative number i (H) > 0. w(H) is not assumed to be additive,
we only requive that H = H' implies p () = (H'). We shall denote
by @u (i) the charactevistie funetion of the set ﬂIr pu(i)y=1ifieH,
and @ (i)=0 otherwise. s

Let /(i) =V be a funetion defined on
negative integers : )=y, [12)=0y. s [ Ny=ty.

Tlie funetion £ (i) admits a Guite number of representations of the
form f(i)=1®in (O+ .- 4% g (1), where the 2; are non-negative
integers, while the sets H: may overlap. For each such representi-
tion we form the sum s = he (Hy) + .- + g (H,), and define the
integral, or sum, of [ (i) with respect to (H). by

elem

F wihose values are non-

(1 /A= Max s= Max frapt (H )+ - - R (H)t.
Jrom the definition of T/ Ap it is clear that

» Recaived July 28, 1555,
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() F=Jy+ fo implies S/ap = 57 A+ ¥ A
It s additive we obtain the ordinary definition of integral.
Lsaisa 1. Let £01) = atyy ws 1(N) = 2y, and et 3, = 3, e = By e

the rearvangement in decreasing ovder of the sequence % %y .. %x. Ir
I denate the set where £(1) i?n.._ then

N
Srap r.‘\:-» Bl CHQ) — (T ) 4+ 3 (Hy).

P Sined

(29 L) = Batpy + Byt — Bx)Py—y+ Byoz — Byv_i) Fae + e
where 2 stands for . it follows phat

E,r’ Ap [5\111”\'! 4 [I.?" 1 = ['3.\"‘ TR P
- _ -,\:ﬁt‘-l“”t-.‘ — il ).

Now we shall consider the pavtieular measore o (H) definell as
follows & VEH = 3 dy dgy veie By and hip < ohy <2 e < by then

(3) I,‘-{h'] =i ;JL-”_' o h]] R th‘m -1 = ""g’ i ”l"m —4l = "'..' =+ ks

ad i 4, — | b, then

(b} gty ) == ()

From (5 we hive that
(41 (WAHY = Bl — Kl atnld widd) o
il > 1.

Lisava 2 Lt (1) e the neeasupe defined by G8), and 110 «a Sunetion
defined on 1= 11, 2 . NL I B o= g e ety by < Iy e << o)
is the support of F{i). theet is the st wheve U0 == O and f,f il = .

then

S/Ap= 500 — ky) + E. i — 2+ 3
' )

where [y 2 9a - B, is the rearedungement i didreasing opder of the

SOHRENEC Ly o Ky ves Ky




PROOF. Let H' = kol H" = B — By fi=%ns fo=[— [
80 that [ = f, + /.. Then

Oy LS + DAAR T (il + §hAp =
=3l =)+ SLA

phne

Let " (H) be the measure defined as tollows: it H L

then w (H )= m? if m > Loand W' (H)y—= 0 if m — 1. By (4)
M) =W (HD, S JeAp =N

Let fuld) = /s and let 3’ >5/> ... be the edrrngement in
decreasing order of the sequence %y xg's oo P Hy is the set whepe

Joli) = B then Iy contains > & elements and
WAHE) = 02 and B — (k=10 > k2, if & =3,
Applying lemma (29 and taking inaccount that B Biias we obtain

}:j;!‘j'!"' = E;s—\y-' = ?: 'fﬁﬁ-r— Blri ) B2

= E .M'I""—”I]BIJ.;J = E )'f-ll..‘i:.-_— 2131_ :fﬂﬂ.
L fi=1

Fhis, together to (5). Proves Lemimna 2,

2. The main inequality. 1t/ (i) is defined on B i A oo
S = 2, we shall write

. g o un GV S iRy s ey
Jiiy = ("% x;‘), SR ._\J:_( Il’f; v) A

Let & beafixed integer and %> 1 a veal number. Cousider all fhe
functions f(¢) detined on B suel that /(1) + /. (2)+ .. (M) =&
(/L 1é) = non-negative integers), and for each such Loty form the
number =085 We shall give an estimate of the sum § — Y=
More precisely :

LXEMMA 3. Let w (1) be the measure defined by (3), B=1, 2,. . N{,
N and &k fived integers, and >0 a veal number sueh Hiat g 3>
20 Dhen




Y —

iy == S —k! e =
-L,—}-...uc.“.—_-k “l! .. EN!

_ WE kL RN, .Z\

— (W= 1D* (h—1)

Proar. Censider a group of r elements hy < he<< ... < hel
amd r integers o,.. .., 0, such that o, + . . . +o. =k and all the z,>0.

Since the sapport of the funetion (;‘u o/ &y

o h,-) is the set (h,, .. ),

by Lemma 2

e

= - o
— 8 U=t At o Py

where §, = 3,> ... >, is the rearrangement in (lecreasing order ot
the sequence o, ... @,

Let us fix the number r, the elements ky, ... k. and the numbers
By = ... > ., and det ' (8, ... B,) denote the set of all groups 2,,...e,.
o= B, % 4 . +o,=0Fk o;==0. Then, since I'(,..B) con-
tains at most r! groups, -

__ B sl
TRl AT TOOIE L T R -
feg tixed

= 4!

-
L

AR k! i l')" ( 1N

W= gl et V)

Theretore, if we keep r and &, ... b, fixed and let the o; vary under
the condition #, + ...%, = k, #; 5= 0, we obtain

\ - :\'l.‘ ook |
() 5 kv =)
P S W‘ IS =
wil Py wes Ky s
ik by tixed

Sy e (l)

TEih, — k) g o8 .P'-.« L N - ﬁ,.! I8

et 1 g e 1\¢
o bl e, — By “; L }.r)

W 1 \*
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We sive now i

tothier estimate of the lelt member of «

Sineé 76+ = vl SRS LR = (F3) we have
A )
(7) v k! 3 'm,._f.r_] ‘
. ~ | §
L a,.. F .
wi it
Wy e dy fixmd
b5 1 ¢ k!
E ’ * i = | &
f\ulh*.—fr.! F;.‘ el ..‘:J..,.—’t a!I' . .a,;
’_z.t
}.'u!.r(—fr,ﬂ

It we keep by, and by fixed and let

the fy, Pids e nar Byt
the condit fon "‘l < [;2 =

v o My vary under
coe <l we get ab most or _ SHms of the
form (6) or (7). Therefore, if N, denotes the sum of all the
the form (6) or (7) where only » remained fixed,
amd (7) respectively

terms of
we abtain from (G)

k! uf*1 0 Ty
(Hher ) N, = .\: : e S J
i, Fun =k %y &
bl figad
L, by < N
X A O ek &
< ¥ Yo 7, ( L
a J'.l,“ 1 b, :‘r tr U= by }.'IM"_""} =1
\“ j ,\‘ m(m—~!1.._."#;;.—;'-{-!] | a1
= ] ik I___‘ P }
e = » PRO 5 IR ¥ 1
B =] V= p il 0 hi= 1
N =) 1 = o
5 v = = — L L
= -u.'___“;"--_T_'_T_ N b —rm eV,
b =1{n— 1) (A — 1) (A== % (FA=TR
and
Y . . +- 25 "
= 4 m(m— 1y, . (w— e
Lver) NN (\‘ { ) { +l] l_.i__'__
y - - 9 * Dud T
(/= [ P L] A [
= 2k 4
£ ¥ -
= N.
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Hor< ki, we have from (Ba) that

a2k
(6 e o e o R N

(P —1il— L

I r=d then, since & > (2' (Ig A" = 219 (g )%, we have

! 1 f N i PN S . =
Cd™ = Qo™= (2" = b, and from (Tu) we gol

7 !
(7h) O,
i — {.‘.I'—' l}i
i : b = i
Henee §= VN, - - —— R LS P Y (8 1
=3 i R =1, T

proves Lemn 5.

Reyar, Though we shall not nse it in this paper, in some cases
the following varviant of Lemma 3 may be nsefnl.

LEMMA S Loty bo the weensure defined ?')y U3, el quy (6D Ehe mens
suve defined oy Soltows: i 11 My o ow Dl <o ool then
o (I = (k) Dy Thew

~ IR
= A f' ktk
— K= 1)
socthal the waember N does nol appedr in the vight leepdd af the fnequality.
The proof is blentical to that of Lemma 3. 1o the present case we
will have hesides the factor 7 % in the vight side of (6 or (7

=1

that N will not appear in the last formulas (Ge) and (To).

3. Application to Hilbert and L*-spaces. Let A= (7] be u commu-
tative normed rvipng. This means that A is a set in wlhieh g sum
Ty T = Ty 4 Tyou product 1,7, = 1o, and a novm | 7|[ =0 wre
defined, in such o way that the following conditions are satistied :

WY (2 4 Ty Vo =TT ALl BY B £ D212 4 | 2l -

ef | PTG | < [[ T 12

Wiesligl] witite TP="177; T ==t = 7p =i,



— AF =

Tanoaeny 1. 10T =T, 4 U wnd the 'V satisfy the condition

(A) | ?"{Hl < e | ,r_'! ” .I,-!l_] 1.
then
{ " I -_III{ H _'_ 1__:-?!-'\ ’.. .J..:H.'i!.'-n ; :;\\'..

Preon. Bv thi propecty f) of the o we liave

!

?|&. i . v
n il o ey =4 #il oyl

7 s

Tovany terniof the fovm 700 Ty weassign the funcetion

I ] 0 i onn BN
PILE == . S
. S L N
[ particilar, B by < o <l to T T, oo Ty, covvesponds the
characteristic funcetion y, of the set H — [ hi by, b
Prom the Iiyvpothiesis (A7 we have tlar

(3) (I T R Sl oy 9 [ 1 e

B

_' 2— =i !J‘rm- = b 2 i E‘;-l— A ‘.;-.'”Il‘

whiere wi Hyis the nasiee defined by (3). _
Ou the other aml, tocany vepresentation off S0 of the form

S = sy v+ a0 Fee o= noenegative integers)
wie ke correspond the deseomposition oft 1L PV into the fctors

B s =Ty T w0 (Bt T o W e
where
(Paifay v, Jie= s ("% Il oo Y= 7

Using (8) we @t thut

| L] =

i

oo Bigress |3 l| M Do |-

< {2y ST 2 Y R RPRTSL 1 T S

a i a N e S ".‘i‘j i
< (B S = (fBy VIR N E i
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Applying Lemma 3 we obtain
174 = (b' ) O I N R L I
== 3 A =T % ?
02" — 1) (2 —af (12 =1y

aml this proves Theorem 1.

Consider now a (not necessuarily complete) veul Hilbert space
H = |« |, and an operator 7' defined on H which assigns to any cle-
ment e H another element 7ze H. 7' is not required to be linear,
but we assume that 7' satisfies the Hermitean condition -

(9) (T, y) = (@, Ty)

for any @, y € H, and that there is a finite number M such that
(7w | =M.[e], forall weH.
We shall denote by | 7'|| the smallest of sueh numbers M, so that
W7+ Tl = (2| + N Tefl and Jom | <|i7 .| 7
Prorvosirion 1, If 0 satisfies the condition (9) then

10 = U= e = o, k= 2,
Jor any m.

This property is well known for linear operators (U, Gelfand [1]),
and subsists without ehanges for non linear ones. Since tlhe proot is
very simple we will reproduee it ere. By the Schiwars inequality

| Ta || = i (Lo, Liw) | = § (w, T} (" - [hae )Is || 7| " |

Al | 22 e = (2 e

mence | 7] = | 7% [".. On the other hand, || 7= || 71| 7 || | 2,
(| 72" = (| 7] Thns \#?) =
“ I’a!u:r H‘Z" L = ” r‘n“'

7, and by iteration we obtiin )
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Turorem 2. Let I be an operator satisfying condition (9. If it is

possible to decompoye "I into a swm T="p, + Ty Wy such that
(A) | L5 | < 2—Ra=3 4, ||7Y| < 1,
(1) Tili= BT

then ||°1|] < 8.

Proor. Since the operators 7. .. Ty commute they all belong to

4 commutative novmed ring A= {7, Applying Theorem 1 and
Proposition 1, we obtain. for k=2,

[ 2= %] < o &, kW', N,
“ u” < SEVE Bk Nk,

Allowing & to go to infinity, we obtain [} T} = &.
Consider now the particular cuse H — LAY = the e¢lass of fune
tions /() which satisty

1/ Te= 3 | L) an " < s,
Wi
where It is the n-dimensional euelidean space (or more generally o
locally compact abelian qroup).
IC R Qeye LY that is it k(o) is integrable, it defines on L2 the linear
aperator
=T f==(T /'y (.t} = \' Sl =) k(6 dt =(Fel) (),

Jen

and by a known inequality of Young (Cfr. [2]. Chap V) we have

12 e < I %], I/ I}os
where
4], = || | & (e | e,
o

Thus
| Tl =] 74 )] < || %]l

I'rom Theovem 2 we ohtain then at onee the following :




= at) —

Turoryy 2a. Let k(x)e L. I_f il ix possiile todeeom pose & (x) Dito
aosum KX} =k (xy 4 oo 4 Ky (x) sueh that

(M) ”;"i"l"_le i}, Fr===di, ke ) (i
frhere ;;" X ;l',; fit) = ‘ Ar (.t # '.J!,I ll“ffl:_r‘.
jl.lfl
thew 7kl 60 71 --

linlds _J('na' ceery the 1=y [{":|,

4. Examples. Lt R' = (1} be the Ldimensional cuelidean space.
IFor each m we deline on L2 (EYY the aperator I, T

i "Lk

. . " fila— " s -y
(10) Ho) = Hf (@)= ‘-/_‘#_‘mur A -
= et
i I3 b !

(11) e 1) =

(11w e i) Y =2
' f 0 otherwise.

and the operators

(110 Tif@) = fl+ kifiw) = U‘m- — ) R el
i
= \ Jim -t ot -
2i—4-"1p nl !
{11e) i i) = e di_gie) = | ;L;;r_ i

=




= 4]

[t is clear that it m = 2V, (hen
A

(12 Hm_uf = Ha;\ ;f“ — S ?t;.}"

It is easy to verify the following properties of the kermels &)

{13) ‘ by (Eydt = 0, [ &l = 1,
F oo
{ |4I .f-‘-l. r'f) — :-—;ﬁ.l ‘r::__.h!
(15} . lﬂ‘ll.l.-'—f'l.— MI,.r,:'rLu- -:;]'1 [f
f..-

Form ( 147 and (15) see dediiee that :

(10w ‘ | By e =ty = Fs () | =2t \ IRt 2l 2=y — Jo (2 ) [ de
I g

= | IR —2=t— kD [0z =< e
@

Using o 13) aud  15e) sweobtain, fof § = f.

(145 | oy [l l | \ il =tk it dt die
(A
= ||| o=ty wbs ey |
N -‘I"

< | ]| et ks G | @0

al=3%gip| ‘& ¥

< By < Vi,

CoRoLasy 1. The levnels by satisfy the condition (A ) of Theorem 2.
IF Wt s defined by (10). Urew these operators eve wil formly foanded
on 1A (RY):

(1% ([ #7[ls=< Ost | /e

wheye the constant is indepradent of w.




= §9 —

In faet. if m— 2%, it follows from (16), (12) and Theorem Za that
| Haxt \ls = 8 [1/ 1l

162y < m < 25T then 1, J'-—*-"I.ie.&‘,}.“l‘ Hy,
where '
HYf= =5 dt,

|-'_'2""'|'l u—A T-'rl T

\' [e—1)
!

L

and by Young’s inequality

W70 T R S M W

) jy e S Il

and this proves (L7} ‘
For any step funetion /(1) (or for any differentiahle function with
compaet support) the operator

'f;——"‘t . "'(“

(18) H/[{x) = ;

-

is perfectly defined, and

Hrf'= Tim lfhi__f e E ?'uj..

L e = —

Sinve the step funetions are dense in L2 and by Corolary 1 the ope-
vators H,, ave uniformly continuons on 1A (R'), we abtain the

COROLARY 2. The limit lim W0 = 111 ewists for any el (R} and
is  bownded operator. Henee the opevator (18) admits continuons
vetension 1o the whole space 172,

T'he opurator Hf is known as the Hilbert transform of fyorthe
priveipal value of the integral (18). '

tonsider now the 2adimensional enelidean space ¥ =4z, and
let ns use the complex vaviable notation :

s=ua iy =|z]|. "




=g

+ Let v () be a function defined on (0,2%) which satisfies the two

following eonditions :

(149 i w(6) db = 0,
(20) | w6 — ) — wioy|ao=c.a,
o

for any differentiable function @ (6) sueh that [d ()| = d.
Tor each m we define the operator

1) Hy f() — H L T © oy,
1k < T« ..
where

r=2| 6" = v 4 iy,

and for each i we define the kernels

sy .. . .

(22) ki(2) = \FPIF P |e]<t 2=|z]ef
/ otherwise

(22a) kit =) wib)i|z) =i 27 <|2| < it

0 otlierwise

and the operators :

(220 TS0 = % b= [ e "}w(ﬂ)d”u

..
| 3
2 : Lol

(224) T ()= [fxk_; (),

50 that for m — 2V we Lave

(12a) H,.f = fr:.;l\-_f.’ —

==
=3
~

i
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Using (19) and (20 it is casy to verity the tollowitg properties of
the kenels k;o:

(1) \\ ki lzydydy = 0, iz - =),
'?I;J

{14 ity = 2"k (2-"2)

(15a) \\ [Kylz ) — &y ()] dady = st | i |
o

Ouly (15a) needs a proofs Let 5 = s—w =g« = = pe. and

suppose that 1 =g, — 2 and 1< =2 Then

§ 0 [H ] i lij)
& [:' | =— f‘i‘ ;{2') — _F}- —_
] (| 1 | "Jl' ?- |
[ y)— ] 2l o —el,

0t P

Therefore it .1 denores the ser of the = suel that 1 =ls]=2,

1= |z—uni=2, we shall hiuve

H ]'!.-, (z—ar) — btz [ dz=dy

o U ) . 5 . -

| . [ e By = o 14) | i _,| w ()| {gy—g) i
d ———— a4 | e dY

.\.1 ete . iy 3 2 \

= O \ } \ [atgby — w B —d8))] dh{ dg + Cst. (g — g

i

wheve [d ity est. [ul, and g — ¢ = || Henee hy (200,

(150 [\ [y (2 —ae) — &y (2)| dzdy = Cst.|w .
A
Sinee the set wheve [k s =) — & (z)| =0 is equal to A 4 A
where (17 is a set of measure = ::[tr]. the desived ineguality (Iba)
follows from (155) wnd (14,
From (13a), (14) and (1ha) we deduve, as above, the following

resnlts :




Cororary la. The kernels ), defined by (22) setinfy the condition
(A of Theorem 2a, and the operators H,, defined by (2201 are wni-

Sormly hownded on 1.0 (R,

COROLARY 2a. The {ine Wl = T edisis Jor any e LA R¥) and is
« bonuded operator which gives the prineipal value of the integral

Hi(wy — ‘ J 4 -I_T;”.—w] iedy

—= — e

The Corolury 2a was fivst proved by Zygmund and Calderon |3
using the theory of Fourier transforms,

The operators H, in the case B =35, ave deined ina similar
way and the above eorolavies old for any u.

[ the fllowing paper we shall give applications to the ergodic

theorems.

REMARK, The fivst direet proof” twithout using Foirvier Analysis)
of Corolavy 1, for the ease R, was given by Besicoviteh and impro-
ved by Lusin (4], Lusin’s method is a very special case of ony geye-
ral Theorem 2 and does not apply to the » dimensional operators
H,. it w= 2 However, Mrofessor Zygmnnd and T showed thar
Lasin®s proot” still applies for the partienlar 2-dimensionsl Kernel
EBin) =272 = ¢—2it / l.: ]’ tleat is if e (b)) = =20

Institntg de Matemnition
Mestielpga .
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A general interpolation theorem for linear operations”

By M. COTLAR '

Let D = |/ {x)! be the set of all step functions defined on the
w-dinmensional eucliden space A7, and 7= 7 a linear (or semilinear)
operator defined on D, which assigns fo each feD an arbitrary fun-
ction Tf(w) = (Lf)(@). 1t (1) [Z/]lp= Oy f |,y P32, and (2)
|20 | = €S ]l Dold for all feD, then from a theovem of M.
Riesz (12], p. 198) it follows that (3) || 77|, < €,. || /][, for every
1 < r<p. Theaim of this paper is to show that the norms || 7/,
in (2) ean be veplaced by considerably smaller values. We modify
the norm |[77]]; in the following ways: a) by replacing the ope-
rator 7' by a smaller one, b) by replacing the range of integration
by smaller sets, and ¢) by introducing small variations of the
function /(#). Finally we confine the functions to enbes with cen-
ters af a fixed point w.

Bince we give direet proofs, the knowledge of Riesz’s theorem is
not assumed here, and the paper is self contained.

1. A covering lemma. We begin by proving a lemma of Vitali's
type, which will be used in this and the following papers ([6]).

Lwva 1. Let Q Que ooy Qe oo be a sequence of w-dimensional

cubes (with sides parvalel to the coovdinate awes), and let I, denote the
length of the side, and xy the eenter of Qy. 1f

@) e =iy, and b ay s Ui s

* Received Angust 15, 1955.
' The essential parts of this and the following pupers are talken fromi the
anthor’s Doctoral Disertation (University of Chicago 1953).

L wish to express my geatitude fio Professor A, Zyomund for his valuable aud
genevons mwlyice and sopgestions,
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then every point x of the space belongs (o wt most 20 cubes Qy (n = di-

mension of the space R™).

| Proor. Consider first the case n=1. Lot @ It and let Q@) (i< j)
be the fivst two eubes of the sequence which contain the peint .
Since the center x; of @ does not belong to () and [y = it s elear
(hat the distance of @, to the set 1 —(Q: U ) is > 1,2, Any other
cube Q. k > j, has its center . in the set B' — (U ;) and the
length of its side is lu <7, hence it cannot contain the point @
This proves the lemma for a=1.

We shall now prove the lemma by induetion on . Assume that
the lemma is true for i1 Consider a point @€ R4 o hyperplane =
passing through e, and perpendicular to one of the axes, and let B,
I, be the two half-spaces determined by @ Let @)=, Q"= 0.,
(i, < iy < ...) be the cubes with centers wf, @, ., in the haltspace
12y, which contain v, and Tet 2, P ... he the intersections ol
W, Q" ... with = The intersections [, P, ... ave (i 1)-tlimen-
sional enbes with sides paralel and equil to those ol @, .o and
the center 20 of PW is the projection ol the center @@ of (I on
Phus, the sequence 1", I, ... satisfies condition a): it also salishivs
condition b), beeanse if it were i€ P, i <k, sinee 2M s the pro-
jeetion  of ™ and the distance (2, @™y < =1, it would Dbe
e @0, in contradiction with the hypothesis. Thus, P07 0.
is u sequence of (n— 1) dimensional ciibes satisfying a) and b), and
by the induetive assumption there arve at most 241 eubes PR, and
lenee ab most 2¢ -1 ¢ubes QP coutaining @, Similarly there are at
most 20 =1 eubes containing a and with centers helonging to K. and
| this proves the lTemm.

- The following lemma sharpens a Jemma used by N, Wiener [1]

| and otlier anthors.

LA 2. If Jor each point @ of w compeet sel S 1Y there s
given « cube QL with center at o, then, given =30, it is possible 1o
select w sequence of these cubes (=0 (), @y = Q) oo sueh that :

1) The m'::ﬂxn.m'qffhc sot 8 — (Lo S=8—U @is <= That
is, the points of S no corered by the 1) betong to a set of measure < =

2y Breery point © of the spuce belangs to at mos 20 cubes Q.

3) The cubes 4 Q¢ do not overlap, where L Q ix the cube with the
same center as ) but of half the side.

1) There is a system of digjoint sets I such that L€ = I = 0.

anid U;E; = _Ui"?f'
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Proor. Let !{r) =length of the side of the enbe € (z), and

8, = sup ().

xe S
Since N is compact the theovem is evident if s, = >0, thus let us
assume 5, < co. Take a point @, €8 sueh that s < (1 4+ =) 1", where,
I, = L{y), and let @' be the cube with center at », awl side =s,.
Then @'=2 Q@) = @, and | Q' — Q| <zs,", where | Q| denotes the
measnre of @ Consider all the points we § — Q4 and let &, =

sap v, & <w;.
r eS8 o c

Take u point @ eN — ' such that s, < (14 2 2) L0 1 = Uey),
and let ¢ be the cube with center at w, and side = », <g,. Then,
QF=2 Q= Quand | Q*— (]| < 2~ Lesy”, ... Continuing in this way,
for all i = 1,2, ... we obtain two sequences of cubes @', (% ..., and
e Wy ooy such that :

a) The senquence @' satisfies the two conditions of Lemma 1.

by @ and @, have the same center @, Q1= Q. and | ' — Q| <27 e

l¢) wEQ, il j> 1

Wy IF weS — UL, O then I(x)<s.

We shall show thar the sequence € satisfies conditions 1), 2)
and S

By Lemma 1 (a) and (), il is elear that ¢; satisfy condition 2).
Sinee sp<s and @€ Q' if k>d, it is clear that the cubes } ¢,
ansd henee the cubes |y do not overlap. We shal prove now that
NeU; . In fact, let @ e 8§ — U;QL Then by (d) we must have
0 < liw') =g, al ]; Q=2 (@ =a>0 for any i=1,2,...
Sinee the cubes | QF do not overlap and &8 is compact, this implies
chat the sequence ', (% ... contains a finite number wm of eubes.
Therctorey s = 00 T{a) = g4 = 0. and we arvive to a contra-
diction.

Thus, N U; ¢, and by (b) it follows that | S— U; ¢ | < $2-==¢,
S0 that condition 1) is satistied.

Finally, if the sequence £ is defined by induetion as follows :

I'J‘I == {ijl = U" 1 2 fl),], l‘,'ﬁ. —— t()& — “i J;J'L'{I = U vl i; f,_}.l!',

1t is easy to see that this sequence B; satisfies condition 4},
This proves Lemma 2.
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RuMARK 1. I'rom the above proof it is clear that if {(x) = length
of side of @ x), is a lower semicontinuous function of &, then econ-
dition 1) of lemma 2 can be replaced by the following one:
1a) S is covered by the cubes @ : 8 < Ui
REMARK 2. By a similar argument the following generalizations
can be proved :
1
LEMMA la. Let Q,, Qs be a sequence of n-dimensional cubes |
and let ) = length of side of O, @ = venter of Q. If there is I
| a number ¢> 1 sucl that
1 .
i) e =< "C_\t"”; b (ST € UL1 s J

thel every point @ of the space 1 belongs to at most (2e)" cubes .

LuMMA 2a. 1f for each point x of u compact set S there is given
a cube ) (w) with center ab i, then it possible to select a sequence
of these cubes @, = Q(x), Q= Q@) - snch that

1a) & is covered by the cubes ¢ S el @i

2q) livery point x of the space helongs to at most 237 cubes Q.

3a) The cubes | @ do not overlap, where [ is the cube with
the same center as @ and § of side. '

4a) There is a system of disjoint sets By such that } Qe =0
and U; B; = Ui '

9. The associate operators P and Py
Let R'=}x{ be the nalimensional space, L= L(E"), 0. <r < =y
the get of all measurable (real) functions /() defined on B oand
sieh il
X 1
1 le=( | 1 @] de) " <20
i
and D= /(x)} the set of all step functions defined on k', that is the

Uik

i o (@), where f,_!,-,';n-e

sot of all functions of the form f(r)= ¥
L |

2 dimensional cubes with sides paralel to the axes, and g, the cha:
racteristio function of the set Q. Bach function feD belongs to the .
spaces L' for every 7, 0 < 1< 2o, and D, as a subset of L, is dense

in L.
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[ /ie) i a step fnetion it takes a finite number of values == 0
and its support, that is the set fac|f{e)] > 01, is composed of a
finite number of enbes. We shall nse the following notations :

(1) S()y = jv: ]j'l.'t.'i | = {II— sHpport ul'l_f.
(la) miS) = Min | [(a)]

FeNUS)
(14} M(f)= Max |[(x)|,

28y

so that, if /==0, 0 < m (f) < M (/).
For non negative functions f(@) =0 we shall use the following

notations:

v Sle) il fley =72, w0,

(2) S0 otherwise

{(Z2a) Ltey=H{e)—Flofe)y .-, Sy =)+ /),
(28) E| [~ n]= the set of the points @ for which f(x) = 7,
(2e¢) JE[f=r]]= plh: f) = measure of B[/ >4l

Thos, win) = wln: /) is the distribution funetion of £z

A general tool frequently used in Analysis tor the evaluation of

integrals, is the following formula

(3) \ gl |f de=— | Wdp (1) = — \ Wi | B g| = %] |-
f-"” 'IJ I}
which is an easy consequence of the definition of the Lebesgue
iptegral *.

Let 7 be an operator defined on D which assigns to any function

JeD an avbitrary function 7'f{w) = (7/)(x), cel". T has not to be

linear; we only require the following conditions :

| TS+ L@ | = [T @] + [T @]

“The proaf can he found in Zygmund’s hook (2], Chap. 1X.

b G|
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7 is said to be ol the type p if
NT/ < M Sllps forall feD.

where M does not depend on /LI 7'is linear it is of the type p it
and only if it can be extended to a bounded operator on the whole
space L.

A theorem of M. Riesz [2](%) asserts that i’ 7'is simultaneously of
the type p, and of the type py, 1 < py < py, that is it

(1) |7 @) 7 de <0, | | [ ()] " da
j’én b

and

(da) ! | T ey |7 die = O ! | J ) | daey
R 5 ; e

then 7" is also of the type p @

(1h) | [ 22 dr= 0, | [[]*dx.
f'n Jin

for every p such that p, < p < py.

Here and in the tollowing 0, will denote u coustant which e
pends only on 7 and on p, bhut not on 8

The purpose of this paper is to show that (4 0) still holds i we
vaplace in (4) and (4a) the norms || I/ ||, and [ Z7]], by smaller
values. In order to obtain these smaller values we proceed to modify
I| T/ || » as indicated in the introduction. Tn this section we w il apply
the first procedure as follows:

Iwmmu"uw 1. To each operator T we assign two aperators Py, and
w defined ax follows : Py B(xX] = m (f) i |Df(x)| = m(f). and zevo
oﬁherwm Pyt'(xy = M) if | TF(x)| = M (). and zevo ofhermise.

(%) Riewz’s theoram asserts moreover that
() Rt 0P < (Op,) P =i PO W= 10
Rieaz considers also more general types (p, ») (see [2] przge 1983, However. thode
other aspects of the theorem will not he considered hore and we hops to du it
in a future paper.
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We shall say that T is of the m-type py if
(i) \ I Py [ ey [t de =0, . \ [/ ‘b‘. .,
o o
and of the M-type ps, if

(et \ | Pyf|tde =0, . \ |”P da.
;i "

Sinee Iy flx) — | Triey], Pafley — | Tf(e) [y the comditions (7)
and (Ha) ave considerably weaker than conditions (4) and (4e).

ProOPOSITION 1oa) 1 is of the wetype py if and only if

1
- U’,.‘-- |,-‘l»"dt'

{6y |-E U =] =
holds for :“H'N{ L= (). b)Tixof Mtype p, if and only [/ (6) holds
Jor every = MA(f). ¢) Tis simultancously of the m-type p, and M-lype
pa, 1=y < P if and only if (6) holds for every 7> 0 dnd Jorevery
P .‘.’Hf'h thatl p,=p = po.

E =m Y]]

Proor. «) Since | | Ppfue)|’ de = G (/) | Zr
fon
it is obvious that (6) (for every .- m( /) implies (3. Conversely,
assume that (3) is trae, and let 2= m (/). Take a enbe @, out of the
support of S and of measure | ] = = and define the function g(v)
as follows s ¢ () = 7 i we  amd zevo otherwise, Then 7 = m(/-g)
m (). andd hy hypothesis

‘N‘u“
‘ L g e

I“

| B[ TS 0] = 0/2]) =

.r"

2t Oy,

ap 0,
\ |7 [ da 4+ .z

e

ap, ” ® a0 ”?' )
== ‘ [q [rode = ——= 0 20
70 — 3P,

£ Ta|=2/2

L
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Therefore, since
| ZF = | 7(/+a) | + | Ty,
Bl Tf|zn] = B[|T(/+g)| = #/2]1U E[| 19| = »/2),
BIZZ011 2 | BU T +0)] = 121] + | B 2ol = 3/2])

3? i OP:

W

J ]f‘*ﬂ &.l‘ -+ s
w
where ¢, is arbitrarly small. The part: 5) is proved in a similar way.

¢) Assume that T is simultaneously of the m- type p, and of the

M-type py, 1 <py <ps, and let p, =p < p.. We may assume that
r= 0

Taking in account that for any 7 it is trwe that

ML) = 0= MO )

ann applying «), b), we shall have:

| B[ Zf1= 2| < [ BI 23| 2 02] (4 BT U e | 202
= '0’% S 3 j (AR
1 ;:.-u

Jp(} " i f's‘] pP=p
s ‘er[[: ( C I) die

¥ o e ]
2 | (L)

r2)

It
<0, j 1/ () [P,

o

and this proves Proposition ¥

DEFINITION La. We shall say that T satisfies the condition (p), if
T satisfies condition (6) for all 3. > 0.




The following proposition is a special case of an interpolation
theorem due to Mareinkiewics [3] (%).

Prorosirion A, (OF Marcinkiewiez)., /1" satisfies simultanously
the condition (p,) and the condition (Da)y then 'L is of the type p, Jor !
every posuech that p, < p < p,. '

Proor. It is sufficient to consider the case /> 0. Let us denote I
LELITL| =4 ] by p(n). '
Integrating (3) by parvts we obtain

oe it

(Get) J | 2 [ de= — ' W)= — Tim P )+ Lim p | e (k) da
; I e Los
i

o

o fI
=p | W w(n) @, _ !
i |

Indeed, if one of the two members of (3et) is finite then both members
are finite, 7 (1) - 0, and (3a) is true. In both members are infinite

there is nothing to proyve. Hence (3a) holds in any case. |
I'rom

FEF@I=1T() @] + 1T () @]

we deduce

p(2h) = |8

VI I Z 20 [ = [ B2 = 0] + | B T Lo | > )
=) + [te (%)

Since 7' satisties condition ( Py) and condition (pg), we obtain from

(3 a)
\ i Trivde =p \ W n () dn = 2 J W (2) do. [
R i u

) Mareinkiewios's interpolation theorem enilivaces also the case of the mors
general types (p, ) and gived a relation hetween the coustauts 0, Marcinlkie- !
wicz stated his results witliont proots. Profossor Zygmunnd supplied the proof
and indicated some interesting applications to Fourier Aualysis. I used Propusi-
tion A iw my Doctoral Thesis withont lnowing  Muarginkiewics's theorem, and |

am obliged to Professor Zygmund for Iothing me know the resills of Matein-
kiewicz.
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- -

= 2% \ 7 g (W) 20 \ W e V) di

'0 '.-F
arp. 0, | et | el el d
i  f 7. S i
(i N
- B F
i N —) _jl . W ‘! ‘
+ 2%, \ ot b \ [ Gy | Pe da : a7,
] fl'h

_ 25,0, | de) | weeton e o |

fin i

+ 2P Oy \ iy : \ e P | ) s i, :
Jin o
r | .
s ) .\ N b=L=ry | 1L ) i J
= 2 p Oy \ il ) \ ) ‘/l.t)[i iy \
I 0
4229 0, \ die : \ j=3= [,J"H'] | el :
‘J'Eu _["JI'.
8 p Oy

\ [/ () [r=tt -, ) () |1 e
L

P - ™

+ 2rp )y . \ | il p=th | [l [ 7 el <= A2, \ { /ey due.
It

And this proves the proposition.

[From proposition A and Proposition 1

we obtain at onee the
following

TuegoreM 1. L/ 1 is simultaneonsty of the m-type py and of the
M-type Doy then 'V is of the type p Sor evevy p such that p<p < Pa- Ant
other words, the conditions (5) and (
every p siteh that py, < p <ps-

Aa) imply the eondition (D) for




— T ==
The theorem 1 is not trne for p< p. For this case we have the i
following weaker propositions. k
TrworeyM 2, The following two conditions on 'I' ure equivalent : .'t
a) Uiy simultaneously of the w-type py and of the M-type py 1,
< s ‘{
by I satisfies the condition i
| | | | ]
i 0, Bty s ulp |
() \ | Tf | de = p—Lm . |a\‘|' » 3 ! [ S ey e ri;y< k‘
3 ' li '

Jor vvery set S of finite wesure, and x, p, sweh that O < o<y,
PP s

PRrOOF. a) implies b): Let y > 0 be a fixed positive number, @l
the characteristique funetion of the set 8, and let us denote

| B (@) | i) | = 2|

by ps(n). Then it is elear that pg(n) =[S = measnre of 8, and
ns(n) = | E|TS _(-wi|3'}.'] | Henee, using  Proposition 1 and (3a), we ‘

ohtain
- : = b =
\. | T/ e e = | gy Tf () [* die =2 | 2=t () o = 2 \ +g\
| & o i i W
" s i _
< \ nt | 8| dit o \ e \ /) |1 e {
W i i E
o [ |
“ylsi+ % o ,‘ /] dee.
1
Taking

1 [ . ol
¥ \ |/ (wy |7 de |

y — .;.
' ‘.'.'n ;

we obtain (4e)

by implies a): Let & be any set of finite measnre contained in
B 1/ =%, and let p be any number sueh that p, < p = p.. Take
7 < pyp anil apply (4e):
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- " = | P (’ " y I— I“I r . w
J‘?l h];—_- \ | Ff‘ u'_‘g"_‘-ﬂ_J—x ].\_\ | 4 : \ |"!(‘1_-I)Ir' f(‘;_-:
£ e

lience

: N
|81=0, .5 | | /()| da.
b | 1V
it

Therefore 7' satisfies condition (p) for every p, Py =P < pa, and
this proves the theorem.

The above proof gives also the following

Turorsy 2a. The folluwing tive conditions are equivalent :a,) T
satisfies the condition () Jor a Siwed p,= 1. by T satisfies (4¢) for
eoery o < Py I particnlar the two Sollowing conditions wre equivalent:
a,) T satisfies the « Kolmogorof inequality ».

G Qi | ¢ . 3
(Ga) | B[] 2] =l =t \ Jlw)| dae. for every > 0.
# (8
ne

hy) T stisfies the inequality

. . 0 . )
(dd) \ Tfw) e = 1_‘1 N ,‘! i) n'.t': 3

X o
Jor ceery set 8 and every % < 1 (or only Jor one paluwe = < 1).
From the equivalence of the conditions ) and by} it follows that

if (4d) is true for one valne of o< 1 then it is true for every % < 1,

TusorEM 20, 1/ T is similtancously of the m-type and of the
M-type pse 1 < Py < Pas then :

(de) \ | ",-'I';'LI,;-.i ot < Opiip. ] S+ \ .,f‘l-l'-'l '-". (14 log™ l‘,i"i.l','l |_) da .
¥ i

In partienlar if T ix sinailtanously of the miype | and of the M-ty pe
P P> then

REYA \ | T ()| de < O, 1] 8] + | /()| (1 + log™ | fw)]) da

N J-Iu'H
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Proor, Wigh the same notations a
tion A, we hayve that s (20) <| N,

1

| 1 2o < 20, o0t oy SN PO P
) ) |

2, J"} Wt }E-:f-'- [[f"‘]{::r) [ d‘m; dr+
I ¥

o
R |
+ 2y, j :*-” = ;,{“ [ [ ey e r?ar% dx.
1 1

1 ey |

=on (8] 4 [an | | f ) e | dw | O, 0= | g

el i L SO U]
S a9 ]

Pe=p

S14 O, | L to e s 4 e | 1@ a,
‘i;-\fi :qﬂ

and this proves il theorem,

We still observe the following property : Le
P Po > 1. Then 7' satisfies the « K
i and only if it sutisfios the following

t 7 be of the M-ty pe
olmogoroff inequality » (Hd ),
inequality

: ¢
(oe) | B[ | fyer| > == | 1)) de, for ant 550,

fare
3. The main theorem. 1 this seetion w

to the ease p, — 1 op Iy,
that p, = 2,

e shall confine our atienti on
W--itlmlt_t-lma.s.cd'ge‘nerulif:,—‘ We may assume

In this section and heneeft

rth we shall assnme that (le operator
1" satisfies the condition (2) :

(7) B[ <) < 0, % \ | £ () |2
Jin

for every 7. > 0, aml every feD,

§in theorem 2 and Proposi-
Be(E0) =, (1) 4 1t (%), henee ;
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We know already that condition (7) together with eondition

@ay | e = [ 2Ly < 0 1S @) e = 017 s

Itm Iin

implies that
(4 b) V2 rde = 0, | | S0 de,
Jew Jeu

for every psuchthat 1 < p <7 2,

Now. while keeping condition (7) fixed, we shall weaken the con-
dition (7a) by modifying the value of the novm || 77|, .

FFor this purpoge we shall replace, in the first place, the range of
integration & by the smaller set B — N(f), where 8( /') is the sup-
port of /. and more generaly by sets ol the form BY — Ny (/) where
S‘;_(‘j'j is a «generalized support » defined as follows, The ovdinary
support 8( /) may be defined as the set of the points @ for which
[ 17 (e)| = m( /) where I/ =/ is the identity operator. The identity
operator I satisfies, obviously, the following comditions :

wy If is o the metype 1, and of the Jetype 2.

WL+l < U]+ g,

DEVINITTON 2. Let L = L be o fived operator satisfying the condi-
tions ay and vy, We define the genevalized support Sy ( fyof t as the st
af the points x for which | LE(x)] = m(

Now we will introduee small variations of the funetion /i in the
following sense: We will modify the function / only within the sup-
port. & and by values not exceeding the minimum o S More
precisely :

DumNrrion 3. Foreach numberd =0 and for eneh operator L
satistying «) and by, and each feD, we define V (/4 L, A) = 18 (@), to
he the seb of all the funetion 5 () sneh thet
(%) Blwy =0, if  wel—NL(/)

(B) [% (@) | = dom (/) for all e K.

From the definition it is clear that if 8eV l[-j, L, AY anid 8 = g, then
also 3 (e e g (/s Ly A). We will veplace now / by the function [+ &
which gives the minimum value to the integral. We arrive thus to
the following definition,
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DEFINUPION Sa. For any operator L satisfying a) and b), and for

any nwmber X we define the « modiftied worm ».

2/ s = . int ) \ [ T4 /—5) {.-a)]ri’;r“!.
eyt

ol A i ‘-—-}.f‘-_l_lf-l

The notation || |[.. « does not mean that || ||z s is @ norm, but only
that this nmmber was obfained by a certain modification of the norm

Il

Sinee the null function 2 =0 belongs to V(/, L, M), we have

Wl s | (20| de <] 2y,
it —xy )

I general || 7/], 5 is considerably less then || 27 |],.

ProvastetoN 2o Lot "I be an operator satisfying the condition (7)
and the condition :

(74 1 P | 1 1

Jor sowe operator Ly, sone constant Ao and Jorall teD. Then 1 is uf

the mtype 1o and hence of the type p, for every posueh that 1 < <2,

Proow. Let = <70 By hypothesis. theve exists o function
Ziwye el fe Ly A)suel that

(Te) |\ T [ de =0, | 1/ 6 divt=,
=g, 0 s
where grael = fley — & el Fle)=g(e)+ 3 la)

Let us denote the set B[ T |V, m( /)] by #,. Then, by (7 ¢)

. : 20 ¢ . 1]
Ty ook = 8o i) == B I TR S
R e i S
_er
Sinee the operator L is simultaneonsly of the m-type 1and of the

Metype 2, and thevefore sitisties condition (p) for every 1< p< 2,
we ohtain
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. 0

(Te) | Sy = | BILS = m(f || {m ti/' \ [ £ 1) | de.
en
From (7d) amd (T e) it follows
(T | By | = | B0 8L (f)] + | By AR — Sp(f)
O 1 jiw ¢
W_}I'\ IJ (il.] | de 4+ Tu—l .
(21

Using (7) (T e), (3,) andl (By) we have

(T9) |ﬂ;|:.ﬁ:[wa|3’”i “_ w7 | 1B de
yal

2 0y A )

—~ 8 $— 2 PA 810/

— S | .fl,f)l w(fF 3[-\1.1,/)]

St _/-! U}ldrﬂmi,fl \ L/t | e
Ry i

Binee [ =g + &,

=20

L3

’"lf\]

]fl

TE H 'i.f;f' = (‘j'}'] : ht—'! E{ .
= | B,| + | 8]

and since < 0 is arbitrary, we obtain from (7 g) and (71).

1B 2 Zm ()] = s o \ IACIRES
fin

Hence 7'is of the m-type 1, and this proves the proposition,
Iff we define | 7' |, and || T'|[;. s by
I2rle s

12|, = M‘T1I1“ff”|[’ v 1Py = Is;x:}; T
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the conditions (T a) and (7 b) may be written in the following form:
(Ta) | 2], = 0
(Th 7). s = O

The Proposition 2 replaces the novm || 7 [l by the smaller number |
|| 71lz, s- We shall now replace | 7\izs by a still smaller number.
For this purpose, we will give first, another expression for 7|25

Let Q be a cube with eenter at a fixed point @, and with sides |
paralel to the axes, } ¢ the cube wili the same center but of half
side, and let # be a set composed of a finite number of cubes and
sueh that L Q € B e Q. Let g€ V(f, L, ) be such that

12 les = | 17801 de ==

Bi=Sp (1)

Then, / and §, being fixed, i @ is suflicientely large, we will have
) [(2) = $o(@) £ (2) = [(@), Pe()By(v) =B.(@), where ¢xis
the charactevistic function of the set K. Hence, for large ), amd
any Fsuch that }Q € B =0, we have :

inf
5e V(£ 1, Q)

| T{fon — Bpp) | Ao <

R =8t

| 17—l de <D s+

TS )

sup int \ | (S — Bpg)| de || Tf |1 + =
Klochcl 3eVULLY v

On the other hand, for any 5€ V(/f, Iy A) is also S¢qe V(F, L, A),
henee the left side of the last inequality is = than

inf \ | 7(f=3)| duw = || Tf|.'r..-.\.

BV 8 gy ()

Thus we abtain that




T —

(Set) [I Tflpa= lim , sup int

(= |8 Gabal eV LLLY
| [ TUrer— 3% @) | dat
Re—85 1N ‘
This suggest the following definition,
DEFINIPION 4. For each cube @ = (2, with center at &, we

consider all the sets B such that @ € B = @, and define :

() | T/t aw=_sup inf [T er—opy) ()] de

,}r,u:w:-::,: 3V AL En—SL

Then, by (8a) || 7f[|5.a and | 7(ln.s may be written in the follo-
wing form :

(8h) N2/ s = lim L2 es s

iz} —poo

: e : | T/ 1le. & 0@
(Re) Pl w= SBp  lim ——————
Il =300 aiem Nl

for any point @ K. We shall now replace «lim» by «int»:
DEEANTTION La. Ko each point NERT, we consider all the cubes

Q = Q(x,) with center at x,. and define

C § sy ” ?.‘f.“h L
(9 Pllssw, =mup f ~S———"
[ ) “ ”f o T _i"l}l' Q= 15, ”,)' {?v Itl

From (8e) it is elear that || 7] 5.0, = [ T2 s

TugorEM 5. Let A be a positive nwomber and 1, an operator satisfy-
ing the above conditions a) b). I T satisfivs the tiwo conditions:

Os {4 o
(7 | Bl 2| > )= .;.’;: |/]* de,  forall 2.0,

g
el

(10) [ i, oz, = O
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for all x,e R", then T satisfies the inequality
(7h) I _T”_; iy < O, =2n0),,

Furthemore, by Proposition 2, T is of the m-type 1 and of the type p,
Jor every p suweh that 1 < p < 2.

Proor. Let feD. By assumption, for every ae8(f) there is a'enbe
Q) () = €, such that

|| 27 125, @ = Ol S0 1o

hence, by definition of | Tf ||z, 4, ¢, for any set £ suel that iQebcq
there is a function Z,e V( /. L, &), sueh that

(10a) \ | T %w =B (o) | de < O] feully, Q= Q).
I —8p 0N

By Lemma 2, it is possible to gelect a sequence of these enbes
)y = Qo e = Qwy)s ... and a sequence of sets K, K., ... with
the following properties : There is a set 8,= 8, (/) = 8(/) sueh that
[ S(H=8 [ <eand: 1) 8,(/) eV = UEi; 2) any point ze R, be-
longs to af most 2% cubes €);; 3) the sets F, are disjoint and
é (= ;= 0.

By (10«) tor each  there exists a function Z; = Zpe V(/ T, 3)
sneh bhat

(10 b} \ | T(fgm — 8 %y | de < O fouill-
H—S, ()
Let us deline

Flw) = F Bilw) ppi (o) = T B la) i)

-

Since all the 2; vanish outside of Sy, (/). we have
7 (r} =0, if wel — 8, (/).
Sinee any point @ belongs to at most 27 eubes ;, and since each

| 8 () | = Am(f),
we obtain that

[Z(e)| =2 X.m(/), forall weRe.
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Thus, 3 (v) satisties the conditions (3,) and (8,) with the constaut
2" A instead of A, that is &(w)e V(f, L, 24A).
Since the sets I are disjoint, denoting /(x) gy (x) by f*(w),

S@) =T 1) par(w),
i

Jw) =) = 5 ([ — Biged) (),

and we obtain
(10¢) |70 = B} | < 5] 10/ 00 — B 3 ()]
From (10 ¢) and (10 4) we deduce that

j [T -aylae <5 | |70/ 9 — Bl ()] do

Wh—gp ) LI L ST

S0/l = 0 ) \ [ /()] du.
i i

Since any point @ e B* belongs to at most 2% eubes 0,

P Ve@lde=2 | | ae
i (:L- !}u
amd we obtain

| 170 = 8y ()] de < 20 0, [ 1/ de.

B8y (o it

Since ZeV (/) L, 2"A) and since = > 0 is arbitrary, using (7) it is
easy to see that the last inequality holds with J instead of s,
hence || 2/, vy < 27 0, 1/

Hence, by proposition 2, T'is of the m-type 1, and of type p, for
1 < p < 2. This proves the theorem,

4. The modified norms | T|[» The generality of the Theorem 3
makes it difficult to apply it directly. For this reason, we give in
this section an intermediate theorem which is more easy to handle.

We shall ¢all «u square-support » of f(w), any cube [ sueh
that Q{f)= S(/), where 8 () is the ordinary support of /.




as B

For each square-support @ (f) we define the mean value

(11) [r )y = ]—(L—[ []_‘f{m]_l do,  Q=Q(f).
d

buriNirion 5. We define W (1, QUL Ty = (s L te be the class
of all the functions €D sueh that
(-11) (@) = 0, i we B — ) (f),
Cod @] < DLsts QU for all ee ko,

I being « fived positive number, and Q1) a square-support of f.
Newt. for cack square-support Q = Q (f), we define

(11a e = 1 RNy W - ;
ww 12her= e | 1g- el

where 20 is the eube with the same center as Q and of twice the side.
Finally we define

(11hy [Tl = sup || 27 ]]o -
l “l =gLr) “ “n T
Let Albe the Havdy-Littlewood maximal opevator, defined by

) o o \ 1 ton | f
(A) Lf{r) = %nhg *WJ’ 1 S| drg,
)

where the sup is taken for all the cubes () (¥) containing the point .
By a known theorem of Hardy and Littlewood (the proof of this,
and more general theorems, is given in the tfollowing paper [6]) the
operator L = Af satisfies the conditions «), b) required in Defini-
tion 2.

TrEOREM . Let T he an opevator satisfying (7). If 1 satisfies the
inequality

(12) 02/ < 01/ s foran fep,

then T sutisfies also the inequality

(12a) "’{'f“r s=0). “/'v




—

f(@)p(®). Then (= 8(g) = sn

(14)

with L=2""'A and A — a7
maeinel operator.
every &< p g,

. wwhere A is the Havdy-Littiewood
Henee 'V is of the m-type 1 and of the type p, for

Proor. By theorem 3 it iy enough to prove that

UTMe.0as 0,

for every point @, Or, what is the same, it is enough to prove that
given fe D and «; € R, there is a cube () — Q (), such that for
every set B, } ) = F < (), there exists a function 2.€ 1V(f, L, \)
such that

(120) |

|2 pp— Zrgg) (w)] de < O, l |f ()] dee.
18— 8540 )

i\

It @, is outside of § (£); (126) will be trivially satisfied if we take
@ sufticientely small and Zp=0. Therefore,
wy e S( 7).

Then we hiave

let us assuwme that

lim —_—
[ G5y | =0 l o ‘."””u:]]

lf{:ﬂ | da = |/ leg) ] = m (f).

0 )

For very small eubes () (1) we have
L .

| ()l ‘ [/ ()] de > - E

EEN

while for very large cubes () this quotient is arhitrarvy small.

Henee there is a cube = Qa,) with eenter at @, satisfying

, 1 L [y _ e (f o mo{f)
(1) (0] ] 170 de = ._’,/‘) e plf Q) = —5-/—'-
/L2
We shall prove that this enbe )= Q(x) is the desired one. Let
£ be w set such that 0B e and let ¢ be defined by g(v) =
port of" g, so that @ is a square-

support for g, and

mif)

2

1l ) < n(fs Q) =
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Hence by hypothesis || 7yl < 0,]/ ], and since Il Zg]ly = supy
Il Zg[lo. v» we obtain [| Tg[ly. < 0,]| 7l

By definition of || Tg ||y, . it follows that there exists a function
v} sueh that

(15} viey=0 if weR®— (),
(15 ) [l@)] < Muday S
_ (@] = P =5 m (),
andd
(16) | 17— elde < 2.0, |g]|
Wy -

By (15), () = v () g, and by definition g (x) = fl@).op(e), so
that (16) may be written in the following form

(7) l | T(/ s — o) (e)] de < 2.0, /20l -
.(..11_2‘1,

Ifwe 2@, there is & cube (7 of measure [ @] = 2] Q] such that
e (and Q = . Hence, by (13)

f.? 2241 :

I s, 1 : m(f
P w)| dae > flde = —
] ey i

This shows that 2240 A /(&) > m () for every «e 20, so that by
definition of 8 (/) = S2w 1y (f),

(18) R — 8, (FyeRk —20 e — @,

Therefore, by (17)

(17 a) | 12U i — o) oy de

Kh—Sp (7

< | 12U~ wo) de < 20, | S]],

1 —uiy

From (13), (15a) and (18) we deduce that v eV(/, L'/, I'). Hence
from (17a) we obtain (125). and this proves the theorem.




Corovany 1. Let 'I' be an operator satisfying condition (T) and the
eondition :

W 1T W O )] d

M — 2

<0, [ |J@]de, @ =0/

HH

Jor every squarve-support Q = Q(f) and for ecery feD, and where
W[y Q) is defined by

. 3 (T .
WA= 1) 5 J (@) de.

¢

Then 'L is of the m-type 1 and hewee satisfies the incquality

(45) \ L7/ (2) [#die < 0, | |/ () | duy
1 1
for every p such that 1 < p < 2.
In the following section we give an application of this Corolary.

5. Examples. The Hilbert operator

(19) Hf (v) = j{(ﬁ[_—t) di= lim H:f(x)

—a

{

+—kl)

= lim } HE=t) dt,

—1 |f—'-f: e of

is perfectly well defined, for every step tunetion feD.
We have seen in the precedent paper [5] that H is of the fype 2:

(20) ! | Hf )] de < O, ! [ /ey |? day

80 that I satisfies obviously condition (7).

PrOPOSITION 3. The operator H satisfies the condition (p) of the
precedent Covolary. The operators He satisfy the same condition uni-
Jormly, that is with the same constant O, (= 1),




= 8] —
Proor. Let ¢ = () (_/J = (= @, w) be a square support of £ (), and
let p' () =p' (1, Q) %4 e) Then

(21 [ wimde=wis; 1) o= [/ at,
— e [

| FO=w Orde= | (0= oy ae=o,
and |

(214) |l la=1w o). (o<1
Using (21) we obtain

o

) H(— Mfwll—’ ff.: 1) —p/ (o — n’” Hfm p.{t)

!

20

‘ £y d’ H AUSTIU -1_0{2_

i

S — “] Ity — {t) ’ L£(6)— it
I_[ Bt \ i l: { ‘ @ (@ —1) dt }
< lrwja )
'*“"J [# (e —1)] T wf Te—t]"

If we R — 2¢, that is if l#] > 2a, and if |¢] < e, then
J#]|e—t] = Le]?, and by (22) and (21a) we obtain

(22¢) F(S =) (@)] < da (|f]] 2 | ]
for every we B' — 2. Hence
J - @las<e. [ 2Uh g, gy,
iy S

and this proves the proposition for the operator H. The same argn-
ment applies to the If:,
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Prorosion o, The operators i and H_ ave of the type p and

(23) | | #Y (@) |7 de <0, l [/ () [# de,
i o
(23) [ ]H.j'[w}]"d;v =0 | [_{']-’" dw, (O independent of z)

Jorevery 1 < < so, For D=1 these velations should he veplaecd by
the following weaker inequalitios :

e

(23u) [&'[!{i'[g}.]::_%)l ll‘f'(‘vlldw. (>0,

(23h) ‘!j!fj(,r}]“rlmfih‘zlb['*%: ‘ ]‘/]dav{f (% < 1).

(23¢) l | Hr (@) | dee < Oy | 8] + \ /@) (14 logt | f(e)]) dwe te

B
wnd similarly Jor the operators He.

PROOF, From Corvolary 1, Theorem 2, Za) and 20, and from (20)
and Proposition 3, it follows that (23a), (23D), (23¢) are true, and
that (23) is true for 1 <P =<Z2.If p > 2 and 4 is the conjugate
number, 1/p+1jg =1, then, since Lr apd o are  conjugate
spaces. by a well known theorem,

I 1]l = sn;p 3 ‘ ‘ T f(x). gle) de Hall, i;

forall step funetions g:D. By interchanging the order of integrations
it is easy to check that

l ]ﬂ Tf(w). g (w) dsvl = ﬁ uix) tf.t!}f j—%——fj dt ’

— — —_—

- ”QTg{m).,/(ﬂ*) f?mliH Ty|

—_—4—

Q0 “f“.v'
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el —

Since ¢ < 2, T is of the typé ¢ and we obtain

R L P A

[4]]4 =5 IR — =0, ".”.;‘."“M

and this proves Proposition 3.

The inequality (23) is due to M. Riesz who proved it by using the
theory of analytic functions. The inequalities (23 a), (23 b) ave due to
I(Ulmogomﬁ'. '

Consider now, as in the precedent paper [5), the 2-dimensional
euclidean space, R* = |2 = o + iy = [ 2] e, afunction w (0) defined
on (0, 2z) which satisfies the followin 2 conditions :

n
L s

Zx

| 7 by at = o, | Joo (B — d (b)) — 20 ©)]at<C.d,

[ (]
if|d(8)[ =d, and the operator Hf detined by

(24 Hf(u) = [ ‘ f‘i}%ﬂﬁj dedy = lim I f(n)

t—0

—00 -

- # it St — =0y r
= .11.." | T daudly-

¢ < a—n) g

By exactly the sume argument as in Proposition 3 and 4 (using the
inequality (13 4) of the precedent paper) we obtain

PROPOSITION 3 a. The operators W and e, defined by (24), satisfy
the condition () wniformly, that is with a common constant O,

PROPOSITION 4 a. The operator H defined by (24) is of the type p,
that is satisfies (23), Jor every posueh that 1 < < 201 H satigfies also

the conditions (23 a), (23 b) and (23 ). The corvesponding vperators e

Jullfil the same conditions wwifovmly, with a common eonstunt Q;

The Proposition 4a is due to Zygmund and Calderon [4] who
proved it by a different method,

The same argument applies to the case B n =3, and the Proposi-

; . " . NI
tions 3 and 4 ¢ are troe for any n-dimensional kernel K (1) = ,(]E)’




= e =

where w () does not depend on | 2 | and satisties the above conditions.
More general results will be given in the following paper on Hilbert
transforms and ergodie theorems,
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Some generalizations of the Hardy-Littlewood
maximal theorem *

By ML CoTLAR

If T<7%is

definition iy the precedent paper), and if jf—

sueh that | M| <| 17 for eael /,
of the type I
trivial if we p

an operator of the by pe p, ov of (e mlype po(see the

M/ is another operator
then it is obvions that 3/ is also
0r the m-type P However, the sitnation becomes less
eplice the ordinary relation = by more general ones,
In this paper we consider twao relations | i =] T and | M <<\,
which express ghat My «is loeally in mean » =TS The maximal
theoren of Hardy and Littlewood ([, o 244) corvesponds to the
vase [ M| ~ | 1| where T is the identity operator.
We also consider the ease o
M (MP D (e, y). In this case the situation remaing ghe
P =1, but some mm‘liﬁca.t.inns-sl_n-mltl be introduced if P = 1. Finally
we give a generyl maximal theovem for double transformations, We

give diveet proofs and the Hardy-Littlewood theorem is not assnmed
to be known,

[ product operators s (@ ¥ =

same i

1. Local subordinations of operators. — Let fpv — j@] be the
nedimensional space and D ={r@)} asetof functions dense in gl
bl Lf'(R")'-sl-n'tce_s; for instance, p muy be the set of a1 step fune-
tions. Let 7'— T/ e an operatop defined on D ang such that
(1) ] T/ + g0 < ( TFa)| + | Ty ()|
for eacli x ¢ £t and any 7, g ep.

Asin the precedent IHper (2], we

shall say that 7 js of the type
it

NTf | = \ [T/ da< 0, l' /12 de= 0, |17,
R | 10

© Recoiveld Auwnst 22, 1955,
\ - o
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for all feD. 1" will be said to satisfy condition (p) if

.
(2) | B TS| = 2] s.%i S |/ [¥ de,

¥

for uny % > O and any feD. Here | E| || denotes the measure of
the set B[ |. We have seen in the precedent paper that (2) is equi-
valent to

(3) \ | T[> =<0,| 8]} E |/ |7 da |, for every a<p.

~ [.rn
It 41 = M/ is another operator defined on R and satisfying (1), we
shall write | M| < 0,| T, it [Mf(e)| < O, | Tf ()| for every feD and
almost all we B O, being independent of [ and wx. The following
proposition is trivial and we state it for the sake of completness,

PropostrroN 1. Let | M| < O, | T If T'is of the type p, then M
is also of the type p. It 7 satislies condition (p), then M also satis-
fies this condition,

DuEvNtrToN 1. We shall write [M | = O, |T |, if for each teD and
Jor each xeRY, theve is a (w-dimensional) cube Q(x) with center at x
(wnd with sides paralel to the ages), sueh that

Wi 0, et ap— O E i
[ -",f () limjﬂl U-(f) |dt = W | P g (1) [ -If“-] ] dt, (A)
where @y (t) is the chavacteristic function of the set Q. and | Q] the
measure of Q.

The inequality (A) expresses that M/ (p) is «locally subordinateds
to | f () |, and the term «locally » vefers to the point @ We con-
sider now another interpretation of the term «locally subordinateds,
refering hoth to the point o and the funetion /.

DEFINITION 2. We shall write | M |<<O, [T, if for cach feD and
e RN, theve is a cube Q(x), with eenter al x and such thot

(B) | Mf (@) | = [ | P(Pgm-L) ()] dt.
[x).

0,
| Q)] q
T, if 1ML

We shall write | M |' i << |1,y where | M, f| =

[MF] and [T, 7| = [DF]-
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If 1=1/"is the identity operator, | M| = Oy | 1| is equivalent to

| Mf () | cr).h!cp,l( j WAGT ri!a
Q(:]
where the sup is taken for all the cubes with center at ..

Let A be the Havdy-Littlewood maximal operator (see [1], p. 244),
defined by

A A= Su \.___. oyt t.
(A) £ %) = Bup oW ‘ | /(8 at {
e
Then | M| = 0, T'] is equivalent to
(A [ Hf(R) | < 0, Af(a).

Proroserton 20 (Of Hardy and Littlewood). The operator A posse-
sses the following properties :

a) For any 7>0, B, =E[Af>3%] e H, where I, eRY iy a
set satisfyiny

|/ du.

on
(4) LR VI VI
I ff"
b)Yy If 1= 0 then
) |BlAS= 2| < 1)< J 1% (@) dn,

I

Where £7(x) = f(x) if £(x) > 7, and zero otherwise.
) Ifp>1, thew [ Afr < A(|f]v).

d) A satisfies condition 1, and is af the type p for every p>1.

PROO¥ : For each point wel, = B[AS>7] there is a cube i)
sueh that

i <A)'{-v)_|((‘)—:.]| [ [/ at.
L ACH]
A Q)| < (142 [ [/(0)] at.
Gy

-

By Lemma 2 of the precedent paper |2]

we can select a sequence of

|




these cubes (O = @ (#) sueh that B, e U,0;= H,, and cach point of
R, belongs to at most 2" cubes Q. Therefore
W B < K| H | $23] @il (1422 } |Gty | at
. ¥ bogi
<(#g | |fja=asa | 1O
u(ji H

and this proves part «).
In order to prove b), it is suflicient to observe that if we By, there is

a enbe @ () such that (assuming /> 0, Siu =f—|['-'*l},

1+ |, 142 v Lge [
20 < ty| at P2 | fldg = | SR,
= Qt“']i,-,l,m )| at < 'T‘)(m}.;lgj SN e } [?__:dr
i ) iy
Since
| ZT;) | | Sttt
ﬁﬂ .
doyn< 22 | pignar
R 20T '
i

and we repeat now the argument used in a)
In order to prove ¢), it is sufficient to observe that, by Hilder's
inequality,

o
¢

From ¢) and «) it follows that:

2 1 ;”\‘ T TR | 1 ’.‘_}“d
|f]dt = m-]@l' L ﬁlﬂ""”:’ =i [al !].H!dt‘-ll_
Q )

[

S

<fadsinnte.

| B[ Af=1]|=|B[iA s =) | S| BIALAD 227

O '\ pina -
< | Wiean (>0

It
Phis shows that A satisfies condition (p) for every p>1, and by
«) A satisfies condition 1. Hence, by Theorem 1 of the precedent
paper [2], A is of the type p, for every p >T1;
This proves Proposition 1.
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TugorREM L a) If | M = = O, | T|* and T satisfies condition (p)

(respectively, y’ T is of the type p), and p < =z, then M also salisfies
condition (p) (or is of the type ).

b) If [M[* << | T | and T satisfies condition (p). p< o, then M
also satisfies condition (p), and is of the type q. for any q > p.

PrROOY. a) Let | M|* = 0,| T|* so that | Mf|* < 0, A(] 1f]*). By
Proposition 2, a),

E||MfI>N=RB[| Mf|* >3] e B0, A T[> 0] < H,

an ]H]-:—j[f*ﬂ dt.
Hy
If 7' satisfies condition (p), then by (3),

| =S 12y ae < Sy ey {17 e,

ip fn

and we obtain | B|| Mf|>2]|<|H,| < 9—"31 } /| at.

2o

Hence M satisfies condition (pl, and this proves the first assertion
of a). On the other hand, since |Mf|*< O, A(| Tf]*), by Proposi-
tion 2,¢)

5 | M1 | de < Ole 3 LA Tr}-nmd:«: 0., 1 | 27> dt.
Rw v gl
Hence, if I'is of the type p, we obtain
| [yeat<0,\ | /ra.
Itn R

and M is also of the type p.
by Let | M| << O, T so that for each £ and each z e fte,

lﬂ'f(w)l"_.(fwl j | Z (g ey - S ) ()] >t

M
If 7' satisties condition (p), p >, then by (3)




s P =

IMF T =g 9@ =t ] I pew (0 @) |t =

o (LY [ pad o

™ '(Q(m)). ! E /(0 | aeg e,
Q12

henee

0 .
4 Mf(2)|P < —— E v dt < 0, . DA L]Y)-
(}. [ M/ "‘l@{w}l Ul =" (19
(i
Therefore, | M|# = 0,| T|?, where I denotes the identity opera-
tor, and by a), M isof the type ¢, for every ¢ > p.
On the other hand, since E[|M[f|=%n| = B[l M/]» =¥r] by (4)
and by Proposition 2, ), y ;
- . . o .
Bl 3= ) < EL0, A 1 =l = 2 (L7
. ’;n

Hence M satisfies condition (p), and this proves Theorem 1.

REMARK. | M| = | T[] implies also | AL|# | 77, forany p > o
Similarly, | M[* << | 7| implies | M |* << [T In faet, if M| <
<\ T|e then [ M7 () |* < A(| T(gen/) ") (2), and by Propesition
2, b), | MA@ < [A( Tlegmf) ") (@) Hence | M fiz)|" =
A Ty [17) (), that is, | M|» << | T EN

COROLARY 1. Let M, Ty, 'y, 'Ly, be operators defined on D, swch that
for each T €D und each x eRY, there exisl two cubes Qx) and Q'(x),
with center at x and satisfying

. ; . 0 ;
© | Mf@ 20T @) [ e | [T

Qe

0,
"t T o LYYV ] dE 7 N
+i‘?'l¢"|!_ (P LD Aty (2<0)
@

Then = w) If Ty, Ty T satisfy condition (), p< 2, then M also satis-
Jies condition (p).

b) If Ty satisfies condition (p,), and i/ Ty Ty are of the type e,
%< P, < Parthen M also satisfies condition (py) and is of the type Dy
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Proor. Condition () implies that, for each w eR". one at”least of
the three following inequalities must be trne

| M /(@) [« < 3 O] T, (@) |, ey)
| M J ey [« < 5 0y ] Q) |7 \ [ T f (1] et (eg)
LY E.n}
| I f () |2 <3 04| Q)| \ | Ty (¢ - £ ) (D L. feg)
e

Therefore, B = K, U U By, wliere B is the set of the points »
satisfying (€9, i—1,2, 3. Define M;[(x) = | M /i) | it we By, and
zero otherwise, i = 1, 2, 3. Then |M[(z) < M, f(v) + M f(®) +
M, [, and My < 30, Ty [ | Mol =3 0u] Tulrs | I < <5 O Tl
e Ty, sy Ty, satisfy condition (p), p >%, then by Proposition 1 and
Theorem 1, My, Myand My satisfy eondition (p), hence M sabisfies
thie same condition. The purt b) is proved in a similar way.

COROLARY 2. Let M, 0, Dy, Ty be operators defined on D, such
that for cach £eD and for cach x € R, there is « cube Q (x) with center
al x and satisfying

[ M /@) < 0| TS @)+ 0] Tof @)+ O] Titan /) 2]y (D)
Sor every point X&' L QX)) (= the enbe with the same center as Qy and
half of side).

Then :

ay 1f°0,, Wy, 'y, satisfy condition (p)y fhen M also satisfies condi-
tlon (p).

by If T, satisfies condition (p), and i ', Yy are of the type Py
1<y, then M also satisfies condition (p) and is of the type p,.

Proor. Let o< p. Since (D) holds for each point @€'/, Q(v),
then. raising to the z-power and integrating over L@ () we obfain :
Oyl
M) | = —— M () | ey < 200, Ty [ @) [«
W@l = e | 1@ de = 20| @]+
Wl

i S | S /
‘ |32:?"(m'l-)1“dm‘t+m j l'f;;.{iF'Quan.-l'ﬂ l° iy i

24 e

1
| Q=]

+

Henee by Corolary 1 we obtain Corolary 2.
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pekm = Iin % B =4, s L Reem) will denote the set of the
funetions i (&, y) defined on gt and such that

|l = (IR (. y) | dady = | dy |Gy gy |2 e <2
ik e L G

amd Lo (K0, LY ( hmy), the corresponding spaces for Rt ol R

respeetively.
Let 7= 1/[= T1(¥) (respectively N = Ng (y)) be an operator de-
fined on the set DA™ (respectively, D (Rm)) of all step funetions
S (respectively gy of Rqof By, We assur e that T and 8 are
linear aperators.
Let D(I* x Bwy=D(E") x D(E") =
step funetions of Joeen of the form

Ch ey ) { be the set of all

I {0y ) = i ) gy ) A e + TS le) o (YD

) e LR, and the 7, are constants, i= 12 K

where fieD (1"
7 ospaces.

The sets D7), DR, D(ReEm) ave dense in all the L
We define the following product operators:

T Gy ) =(Thy e, ) =[Th €, ) (0= St () 1 T (o)

S y) = (R Gy ) = (S0 () = Trfil) - [Tig) (-

F T (@ g)= T S, TR (s =S [ 15] () - 18] )

Provostrion 4. a) 1S T of the type ps or if T sutisfiex condition

(p)y then T ix wlso of the type (), oF T satisfies condition (p); respees
tively.

W) 1) T and S are of the type p; then TN is also of the tpye .
i) Tt satisfies condition (). and Noix of the type ps then T N satis-
Jies con dition (pl.

a1 T and S satisfy condition (p), then Jor every o < p, and
E = Rw--{--ulo

(TR | dedy < O,y | 2] iy || Sk g | dedy 1

F L
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PrROOF. «) and §) are immediate o

ousequences of Fubini's theo-
rem. For instance,

H | 78K |» dody — } dy | |7 (8h (@, y) |» de<

H". - i R:‘“ I
0, \ iy ‘ | S (e, gy |#de = 0, \ i ' | 8, ¥ dy

’{Hh J.'f}

E

SO [ s |- [, y) | dy=0, U [h iy y) o dady.
.J':'h'. x‘ﬂ;u A l-|v m

In order to prove ¢} and d), it is sufficient to observe that condition

() is equivalent to (3), and that (if B = R"x gm)

-

[ |28 qway = | dy j | TS| de <

[ It R

Op |y | 8,10 [ 80y s o <

o o
e ~
(%1 ' [ 8y dy | " l dy ] [ Sy y) |#da {~iv
b wm

— O‘,; . I o) ‘T—-vm { n I:S",'k {.-U, ¥) o de fuin,
';_,.ﬁax!‘.'m

where B, dénotes the intersection of the set & with the line A=t

Let us consider now instead of the space R' the unit cireunte-
vence Oy and instead of B the torus O = (1 XOCX..x 0. In
this case (" has finite measure and all the fonetions £ (x) defined o1
O will be assumed to he periodie fanetions. Al the precedent re-

sults apply to €. If 7' is defined on D (0" und satisfies condition
(p), then, since " is of finite measure

| s <o, J' L7(&) | dt feiv,

it (e
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Moreover, from the last inequality of the proof of Proposition 4,
and from Theorem 2 of the precedent paper, it follows immediately
that ;

ProrosinioN 4 a). Let 1 and 8 be defined on O and O™, respeeti:
vely. I/ T and S satisfy condition (p) and condition (py), p < p. then
Jor every @ < p,

| ﬂ | T8 h(t,s) | dsdt < 0, | \! L[> (1+log" | R])dsdt {0 4 0.

(i tu-i-]--\ul

DeriNiTion 3. We shall write ;ﬁ<ﬂ<{x if Jor each b (x,y)€D
(RM < R™) and for each point (x, y) e RV, there is a eube Q(x) = R
with eenter at x. and @ cube Q(y) = R™ with center at y. such that

| T h(t. %)| dtds.

N S
(@) [ Q|

: TG )

~ 0
| Mk (2, y)| = 0

We shall write M iy T, if

LB Gy )< e

ORI, = S A ﬂ:"‘r s A t. ”f.
=T QW] H | 7' (g - h) (8 ) | ditds,

Qe

where 2 (t, 8) is the characteristic function of the cube Q(x) =

R" e R+, We shall write 3!‘<<;.<<,"??._ if

__U_‘_I._ \_‘ | ﬂ?"?[:p,', v P« B (8, 8) | dids.
Qo) | Q| )

QR

[ M0 (e, ) |5I

TasorEM 2. «) If Ki<§<}‘§:i:‘, and i 0 and 8 are of the type
p>1, then M is also of the type p.

by 1f ﬁ<,< <..\."'f'§i', IS is of the type p, and i/ Uis of the type
Py pypd, then M is of the type 1y

o) If M <<« <<y_$§, and if 1 and S wre of the type p. then M is
of the type py, for every p>p-
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PROOF. a) Let A* b

the Hardy-Littlewood maximal operator
acting on the space K»—

faly and AY the same operator acting on

= yl. By the assumption, ﬁ<'¢<y$‘§g hence Iﬁ k= KA T -
By Proposition 2y ¢ and Proposition 4a)

|13 dsae < o, If [ TN h | asat = o0, (é [% (s, O)] asae,
i b L 2 F i

so that 3 is of the type p.

b) By assumption, for each (%, ¥) and each («, y) el ™ there is
acnbe Q(x) e B and a cube Q) = Bm, such that

Era = 0 [ MmNy Y
RUEATS ”":fm H |8 (pg 0 h) (L, 5) deds

W T
0 § 1 f s : j
](}-{-.-::}I ;f”(:-‘lll ‘ [ BT (g 4 h) (1, N_Jldnédr
Qf:‘:l f'_).lfy)
0 \ ] ! e "I-p
i] f,l[.‘r)-| ‘ / 0y ‘ "S‘f T(‘PQ'ﬂm Iy (t, &) | da ) dt.
g W '

=

Taking in acconnt that & satisfies condition (p), by Proposition
4, a) and by Proposition 2, b)
| Mg, g)| <

O | Q)| \ Hew = K (P (4) ]Fh{'f; s)|Pds | e qy

W () L
= OVATGLAN Th 7) ey < 0, § Ar (Av (| Th |7)) i,

Hence, by Proposition 2, ¢), by Proposition 4, a), and by the
assumption,

| 1an)e dedy < o0 [J 38w 20y e deay
ﬂ-:i'-f-m Riﬂ-m

< O, || LAY (| Thipy frr deay

Ry
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< 0y \\ | Th|® dedy < 0O, \\ || 21 dady,

e +n Bl Loam

and this shows that M is of the type py, for every pg > jh
¢) As in b), we shall have
~ 1 1 " o~ hip
| M A (e & e j ] T (e Myt [P dsl at
!‘fl_l(l)[sc” }IQ“;'H | T (g M) (1 ] {
0w @)
P

! | 1 &
=] } 3 j[TW@mﬂNhﬂPm:m\
[

o] | ewm]
01 Q@

=) GG 5 O] EiTW'“‘”"”("""’:[' | s

LARET il

<b_3 \5‘ 4 }
“teml )t ewl

LR uh

, Uy
¢qup¢u,nlﬂdr:da:

< i A-“ AT [J fi lpl 'il,p
Hence
“[th@@f‘H3MAﬂhMNNMM
h.-rl—l- il R“:'!”"
= \\ | (s ) |2 dwdy,
RI&’-I- i
and this proves Theorem 2.
THEOREM Za. Let T and 8 be operators acting on the spaces C1 and
vy pespeetively, and satisfying conditions (1) and (p), p > 1.
a) If o<l and | M| <u<y | ST [“ then

(8) \\ | Mk [t drdy < 0. M |A] (1 + log ™| h 1_} {240y,

PR (et
Jor every B sueh that 2 < <L

b) If'ﬁ<i: and Iﬁ[**(a:({,, |?I’,'A§ |, then (8) is true for any B,
aLf<l.




_][)‘[_

¢y If ot and | M| << < | DS |7 then (8) is true for a<f< .

PROOI. @) 16| M <o, | TR |5 then | Mh | = 3 o (TS0,
By Croposition 2 and Proposition 4

—

| 1 n)s aras <0, j{ L ALB, (T8 I dtds< 0, “ [T S b dtds.
|'[fi«-;' 0 frﬂj}- i ¢ t;-l "
and by Proposition L it follows (8).

by We have

L (S e
RG] \ '.}-c-}(-:nl j | T8 (9 Y| " ds | dt

(=) “m

| jTh (@, y)

2 l_: | o0 )] T ds -t
@ | [emt ) .

<
Tr—
=
5

< O gm(far( Tuls
3T,y | oy = 0, §) (K Ro (| Tl dedy

(R otk

=0, \\ 1?\-”” Th|)y dedy < 0/} “ IT’!;]rI.vdy-}?,

i e

and by Proposition 4, and by the Theorem 2 of the precedent paper,
we obtain (3).
The part ¢) of the theorem is proved in a similar way.

4. A maximal theorem for product operators. — Let 7 (:>0)
be a set of linear operators defined on D (&) (or on D (€7)) and sa-
tistying the tollowing condition ;

For each = > 0, for each fe D (R"), and for each @, ¢ I, there is a
enbe ) = Of(a;, ) with center at ay amd suel that for every point
€/, 0,06 s true that

(BY |7 Sl | < Oy 1| T ()" + | T(pipiea S ) (00) | + Ny (ehs

where Oy does not depend on = and £, The operator N, has not to be
linear but only monotonie: f|<|77| implies N, (|/]) < N, [/7]).
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Similarly let 8 (= > 0) be a set of operator on D (1) (or D( ™)
satisfying
() [Sg@)| < 0 1] Sgim)| + [ 80 0 9) (1) ] + Nag (9y) |

The operators 7., 8§ define on D (B 50 B™) aset of operators

et et ]
7.8, =T8§,.

Let M (@, y) be the maximal operator defined on Donm o By by

ﬂ?k (vyy) = sup | F,'Rr fiee #3 4 (M)
'

Lleg 1 et

THEOREM 3. IF the opevators T

o B Niy S, and T, commaudte, then :
a) If the operators N,

Nu 8, T are of the type . Jor evevy p>1,
then M is also of the type p, for every p > 1.

b)) If the above operators are defined on the space O and Cmyoand

8/ Ny, Ny S and T satisfy the eondition (1) and the condition (p), p>1,
then

(17) n | Mh ) [ dedy < 0, i “ | B|{1 + log*|h [:*+ 0!

en m ovEm

Jor every < 1.

Proov. Let us define Mef ) =sup | =/ ()] My (y) =sup Szg(y)|.
>0 i)

Then by the assumption, for every (u,. y,)e R**, and for any
(g €' Q () <1/, Q) (we may asswme that (,=1):

| ﬁ?‘,ﬁ (e ) | =
TR s o) |4 (B B0 1yl + X3 (0, )
=| T-a5‘,,fz (o, ¥,) +| 'E.i' Prror,pe ‘S;:}‘.J (s 30) | + E;‘ i (or Yaly
| TSt vl =1 S8 o1 40| <1 ST 000 0 [+ T 01 "
+ N, Th (ay, ),

I -F{@P ed Sk (g )| <] St?@ [N} ﬁlﬁl (2 ¥ ’ +|8T (e qﬁ!}#p;.]-ﬁ(wh U]
F N (P iy 1) (), 9y
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,and raising

Taking = «. sueh that lfﬂ'h (e o) | <2 -:;"’s ::"‘q Ry, yy)

to the z-power, we obtain :
| B4 b (s ) | = 00, i T8 h (e )]+ T S gy ) (g y)]“+

: T Loy N Iy Ly, !f|]|" -+ [TS (Fouy "-;l"![\,-""”(_-l']- W) e

(B3

+ | ,‘{"j Mok (g, yod|*+1 A\} Th (g, ¥ |7
+ | No T (P o) (g5 1) |1

for every < I, and (e ) €'/ Q@ Gug) 0o O ()
[ntegrating over the set '/, Q (x>, @), in @y, ¥, we shall

obtain fhat

—

M o< W =My M+ My,

where

| -”-'l « gl Vi N7,

| '”| |I' < <ly l T“;

|y lr<c<acy | TR, | M€ <al<y| TR
| by« < | W Mo, My <a| Ny T,

| M| < <| N, T |

2 and by theovem Za, this proves theorem 5.

IHence by theovem 2,
Feom Theorem 3, and Proposition 3a, and Corolary He, we obtain

the
TueoREM 3a. Let K, (z), Ko(u) be two keraels of the form (5a),
defined in the space R and R™ (or G and O™ respeetively, and

. by - W\ A (2 =) Kalw—rv) hiu, v) dudr
.
| #e— |

= ;.-" j},:hi:. 1.

the donble Hilbert transform on R" t, and

-~

I;' hizw) = sup H, hizon)|

]
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Taking =, n, such that | i (e Yo¥ | =21 T ,\r,',' Rty o) |y and raising
to the z-power. we obtain :

~

| J} b (0, ) [* < O, )] TSh (@, ¥yl + | T (P b)) Ly, w1+
. ;Fl'-;q.,_-.l_l S N | F";W@ ey o gy W) (o5, @)
| Nodvh g g |+ | N Tl Gy ) [
+| R:._.F[:pfl,,,", e AT
tor every < 1. and {wy, y,) €'/s O (y) <y Q@ (4y)
Integrating over the set '/, 2 {w) =<' Q(y,). in 2, y,, we shall

obtain that

o~

M < My+My+ Mg+ ..+ M,

where
| By [ <ay | TS, | My|* <2< <y| TR,
| My |*< <oy | TR, || "< <o <y | T |,
| By < | ¥ Bt e, |y < | N T

-~

| H;] < <2| N, T

Hence by theorem 2, and by theorem Za, this proves theorem 3.
From Theorvem 3, and Proposition 3a, and Corolary 3a, we obtain
the

THEOREM Sa. Let 1K, (z), K,(n) be two kernels of the Sorm (5 a),
defined in the spuce R wind R™ (or O™ and Q™) pespeetively, and

i iz ) = '|1, Ky(z—u) Kolu—v) hu, vy dude
|'—'-Jlr|
| wie—it]

== ?! Fl,lf':-i:, 1,

the douihle Hilbert .‘mu.q'm'm on R s RY, and

;:I}h(:.!r‘lz sUp H,,_M:.m)]

(]
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Then M is of the type p for every p>1, and M swlisfies the inequa-
fity (I7).

(Of conrse it is necessary not to confuse the donble Hilbert trans-

form ff, , With the simple (n-m)-dimensional Hilbert transform).

In the case n =m =1, Ky (v) = K,(x) = o', theorem 3a was
proved by 8. Sokelowsky and Zygmund ([4], [5]) using the theory of
double trigonometrical sevies and anulytic functions.
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ALGUNAS GENERALIZACIONES DEL TEOREMA MAXIMAL
DE HARDY y LITTLEWOOD

P MISCIHA COTLAR

Si T=Tf es nn oporador dul tipo p, o del w-tipo p (ver lis definiciones on el
trabajo que proceda), y 81 8 = Mf os otro operador tal que [MECE)V | [ 2Py
pare toda f, entodces es evidente que M7 es  twnhién del mismn tipo que 1.
Sin ambargo el asunto yaouo es G iwmedinto i la reladion orilinaria = Be
reemplaza por otras mis genernles, ,

Eu este teabnjo consideramos dos relacioues : M — T 8 M e T gue genern-
lizan la relucion ovdinaria . y que expresan gqne M es T ¢ localmente ¥ oen
medin n. Bl teoreman maximal de Hardy-Littewood (ver [1], p. 244, en Ia bililio-
grafia que prevede) corresponde al caso T = 7' = operador identidad y o = 7.

Estudiamos fambién el caso de operadores produetos MMy £ (2, y). i oste
caso la situneion permanees Iy misma si p>=1, pero os vecesario introdielr mo-
dificaciones si p=1. Finalnente damos un teoroma maximal general para brans-
formadas Jdobles,

Como damos  demostracivmes diveetas, para ln loctiurs no e8 necesario el co-
noeimiento del teorema de Hardy-Littlewood.




A unified theory of Hilbert transforms
and ergodic theorems

By MISCIHTA QOTLAR

The analogy bhetween the theory of Hilbevt transforms and the
eroodic theorems, and in partienlar the differentiation theory, has
been repeatedly stressed by several anthors, partienlarly by Lnsin
and Zyvemund, However, the two theories have been treated by
entirely different methods, the proofs for the Hilbert transforms
Deing considerably more complex then those of the ergodic theorems,
This is due to the fact that the ergodic theory deals with positive
operators, while the Hilbert transforms are non-positive operators.

The aim ol this paper is to give a general theory which contains
the theory of Hilbert transforms and ergodie theorems as special
cuses. Let /% = [l be the n-dimensional euelidean space, A (@) an
integrable tunetion, anid let N, (p)y=2""K (2 ), i=+1, -3, +3, ..
I Q=1P{is an abstract space with @ measuve nand o n-dimensional
continnous gronp (g4, we /%, of mensure preserving transformations.
we define for ench =1, 2.... the operator

”

. P= 5\ flee PYK; () de.

T
We prove thal, nnder cevtain assumpiions on the kernel I (),
H,, [{ Py eonverges pointwise toa limit Hj'[' Py, almost everywhere,
for every fe L), ), and every p= 1. If p > 1, iy, [ also converges
in the p mean to A/ amd the maximal operator M/ .-mp! H. M| s
bownded in LA .

L= ", Gt = @41, and W) = pi(w))| e forl<|x|=<2and
zero otherwise (o () does not depend on e ), then Hf=1im H,, [
is the nalimensional Hilbert transtorm and we obtain the classical
results of Lnsin-Riesz- Kolmogorofl' [1] concerning the erdinary Tl

hert transform., as well as the recent ones of Zygmind-Calderon [2]

* Received September 10, 1455,
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concerning the gencrialized n-dimensional Hilbert transforms. T4
is 0 general measure space, and K ()= —1ifje| <1, Kir)=+1
if 1< |w|=<2 then the H, freduce tothe ergodic operators, and
we obtain the ergodie theorems of von Neamann, Birkhoft and
Wiener [3]. Besides, we give similar theorems for the double opera-
tovs I, /(P 0)=H,H, [P, ), which contain as speeial cases the
i-parametric ergodic theorems due to Zyguund and Dunford [4]and
the theorems concerning the double Hilbert transform due to Zyg-
mund and Sokolowsky [5]. Moreover, these theorems extend, in par- s
ticnlar, the Zygmund-Sokolowsky vesults for ndimensional kernels.

In the proof of the above general theorems we use only measure-
theoretical methods. In fact, our proofs are based on three general
theorems coneerning operators in L — spaces. which have been
aiven in the three precedent papers ((6]. [7]. [8]).

If we ave interested in the case L2 =R only, the theory simplifies
considerably, and as wuas shown is the exumples of the just mentio-
ned papers, yields in particular a new and simplified freatement of
the theory of Iilbert transforms.

On the other Tiand, we show that using the Tauberian theorems
for topological groups, the precedent theory can be extended for
kernels A (r) defined in loeally eompact abelian groups. Among
other things this permits the unification of the «diserete» and
«continuous » theories, such as the M. Riesz theory of discrete
Hilbert transforms of sequences and the ordinary Hilbert trans-
forms of functions, As another hyproduoet we obtain also an exten-
sion of the ergodiv theorems to the general groups dne to Calderon [9].
From our point of view, the Hilbert transforms and ergodic theo-
rems may be considered as special cases ol the funberian theorems.

Of course, in the present paper are extended to the general
operators My, only the first mosk hasie facts from the theory of
Hilbert transtforms or ergodic theory. It seems to ns that the exten-
sion of the more profonnd features of these theories could open au
interesting field of vesearch. (Cfr. § 6, ) and D).

1. Introduction. 1n this section we will reeall the fundamental
facts about Hilbert transforms and ergodic theorems, and explain
the main idea of the paper.

A) The fundamental theovem of the theory of integration asserts
that the indefinite integral of an integrable function is differentiable
almost everywhere.
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e/ () is in legrabl

¢ on every finite interval of the line (—
and it for eyely -

oo, sa).,
>0 we define the transform Dz /' by

3

g i

L]

Dzf—= lléf‘{'n'u'l = {D&/] (#= f(fj di,

L
] “——wj'f-

then this theorem assopts thut

lim D/ (w) = /), for almost all .
il

Iy > 10 then it is also trye (hat

o0

lim | 1 D) —S @) " de=0. for e,
R . A
Moreover, WA [is defined by

Afiw) — sup | Dzf (x) I,
(331

then the Hardy-Littlowood maxinal theorem asserts that (efy, 18))

l. [Af‘.'.”’ [v da::(},, . '_/'{ 2) I'J' e

— e

(p>1).

Here 0, depends on 2 alone, The precedent ineq nality is not true

it p=1.Tn this case, we have instead e following inequalities :

4 o~
_‘ A S )| e < Ou.‘-ll—*:ll [/t [ dele, it 0<ne,
—i 55

A

| LAS ) de < 0, ; | L7] (1 + log* | /) de "+ oo,
¥ | —=

It was observed by N. Wiener [3] that the
ing the operators
class of operators

real number ¢, we
measure-

above theorems conee.
. ave particalar cases of theorems for o widey
arising in the ergodie theory, Iy faet, if' for eac)
define the translation Grr =1, then each g, is a
perserving transformation on B! = (—aa, 20), in the sense
that for eacl measurable set f e R 0l is also measurable and or
the same measure as E, and D[ may be written iy the following
form
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Sy dts

i

D fle) =

| e

The ergodie theory considers, more generally, an abstract measure
spuce L2 — 1 " and a grou P of measure-perserving trausformations
el oo <o) of L0 Dy [is now defined similarly by

¥
-“._\" S = N ‘ Lig Py di.
1}

The ergodic theorem asserts that the above properties of the ope-
vators 1) f (db’) Lold for these more general operatovs Dy J(P). The
pointwise and mean convergence theorems correspond | ore, respec-
tively. to the Birkhoff and von Newmann ergodic theorems, and the
Havdy- Littlewood’s maximal theorem to the Wiener dominated
theorem. The only nnimportant difference is that in the ense of the
ergodic theorems the limit is tulen as N » oo, instead of = —» 0,

It is important to note that the operators Dz, or Dy, ave positive
operators, in the sense that Dy /(@) > 0 almost everywhere it f[:c}i(b
for almost all w. This property of Dy is essential in the current
proofs of the ergodie theorems, — those proots do not apply to non-
pusitive operafors,

By Animportant ease of non positive operators, for which (he
above theorems still lold is exhibited by the theory of Hilbert
transforms, The (owlinary) Hilbert transform H_/‘ of the fnetion

Jlak (= > < @< 20), is defined hy

WAl

(ol HiiGey= ft.

-l
Hf i understood as the limit, as = -0, of 17, wheve H [ is defined
for eaeh = > 0 hy

| . i C T e
(1) ufm= | ? —”} ‘ i J :‘{—‘lm.
=l ST 41
Lusin, Privaloft and Plessner proved the pointwise cony ergence
of 1. [ for every fe e, p =1, the limit
(1) Him M) (e) = H ()

i il
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exists for almost all w. The Timit, function Hf(x) is then taken s

the definition of the singular integral (1),

While the fanetion Hf (v) exists, it may not be integrahle.
M. Riesz las shown that itfeLr, and p> 1 then also Hfe I? and
H. [ converges to Hfin the mean, i.e.

Er

(111 Tim .|Hj'fm}-—.l-.?k[:a-}_'ﬂ'd.r—o,
B o=l e

—oa

tov fe Lo, p > 1.

Moreover, the following inequality of M. Riesz

o

(I'V) \ [ Hf{.r} [Pde< O, . |/ () |7 da,

« A
(p>1)
holds for any fe L, whoere 0 dependes on p alone.

Kolmogoroft proved that for fe L' the limit operator satisfies the !
inequality

V) [ 8 g de < 0,00 V) @l i oca<r,
_ql —
This inequality was completed by Zygmund as follows:
A
(v |

V() de < 0, | [FIC0 4+ Togt | /1) da + Oy,
Finally Zygmund (1] proved the m;

iximal theorems for H it MY ()
is defined hy

(VIT) M[ 1) = MUf(e) = sup | i, [ ()|,
L T |
then
(VI ay |' [ Mf ()| de = 0, { |/te) |2 de (if p s o1y,

-

4 i _

(VITO) | | M) e = 0, 4 S\ At (if 0 <2<y,
= o =
4 =

(ViLe) | |Mf]ae <0, | I+ Togt [/ de + 0.
—ad

=

Thus, though the o perators H_are not nositive they possess the
e properties as the Positive opertors 1, op . According to




— 110: —

Lusin, the pointwise convergence of the operator 1), éxpresses the
« fundamental differential property of the first order» ol integrable
functions, which is due to the «smallness» of |/(x + z) — /()| as
e— 0. Lusin considers the corresponding property (IT) of the opera-
tors H, as the «fundamental differential property of the second
order» of integrable funetions. which holds no longer becanse of
the smalness of | /(@ + z) — [ (@), but becanse of the ecancellation
of the positive and negative values of f (@ + =) — /().

) Though the praperties of the Hilbert transforms expresses
fundamental facts of real variable theory the proofs of Lusgin, Riesz
and Kolmogoroff' were based entirely on the theory of analytic fane-
tions, For this reason, and also with a view to further generaliza-
tions, Lusin proposed the problem of giving a direct proof by real
variables methods. This problem was solved by Besicoviteh in two
important papers [10] and [11]. The method of Besicovitch were
perfeeted by Titchmareh [12], and Pollard [13] extended Besicoviteh's
results to Hilbert-Stieljes transforms.

Thefmethods of Besicoviteh and Titchmareh were developed by
Zygmundfand Calderon [2| who extended the above theorems of the
Hilbert transform to a vét‘y wide elass of n-dimensional transtorms
which arise in potential theory (cfr. Mijlin [14]). Their generalization
is the_following. Letting K (x) = e, (I) may he written as a convo-
lution whith the kernel A () :

HfGe) = 3K (@) = | K (e—0) /(1) dt.

We note that the kernel K (¢)=w " is not integrable near the points
w=0, ® = o0, and that » = 1 is the only number snch that =" is
simultancously not integrable at O and so. Moreover ias we have
ohserved already, the property K (&) + K (—ax) =0 is essential for
the existence of H/(x) becanse of the interference of the positive
and negative values.

Henee it we want to consider in the plane K = [=f, 2= |, yl, an
analogne of the kernel A () = ' it is natural to take the kernels
K iz) of the form

11.'_{.::'—;" i z=|a)e",

where the function o () does not depend on | z| and satisties
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The last condition corresponds to the property X (ax) + K (—w)=0
of K (@) =2, and |z * In the denominator of K (2) corresponds to
the fact that w — 2 is the only number such that |2 (" is not inte-
wrable, hoth at = —= 0and 2 — o9y over the plane £ To vach kernel

Kiz), ze B2 with the above properties, corresponds a two dimen-
sional Hilbert transform

(11 HY(2) =S K () = \ \ Rifz= i) f () du,
i
defined as the limit of
(o) H, [(e) = H Kz — ) f(n)du,
u ‘.'|' N
a8 2=+,

Similar definitions are male in the n-dimensionnl case, n =
Under very seneral assumptions on the function o (6), Zygmund
amd Calderon prove that the theorems (UD-(IVY and (VITa) hold for
fhe w-dimensional Hilbert transforms (1), thus obtaining & wenerali-
zution of the classicnl theory to n-dimensional kernels K (2).

1) In (2] Zygmund and Calderon do not consider the donble trans-
forms, o the eartesian produet of trausforms of type (). In the
classical case, that is the 1-dimensional case of the kernel A (w)
a1 the double Hilbert transform is defined by

_ . ™ e Fist) ds ot
{1y H {wy ) = . ‘ i A Uil
s Sl y) (=2} —1B)
——\ \ Kiv —5) K (¥ — 0 f (s thds dt
o
= lim M, [, y), (I (@) = 1),
' Wi '.T"'J'.) -
(174 H,, [le. y) = \ H W — &) K (Y — ) dsdf.
[l
="

Of course it is important not to confuse the double transform {10)
ol 1-dimensional kernels R {e) = a1, with the simple transforms
(I) of 2-dimensional kernels A (2). There is only one double trans-
fori (I6) but an infinity of 2.dimensional transforms (I'). While in
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(Ia’) the integral is taken over the ex terior of a sphere |w—z| >z in
(107} it is taken over the exterior of a « cross» |- s| >z |y—t] >
More generlly, we may consider double transforms of u-dimensional
kernels, for instance :

Hf(z0) = ||| Ktz —u) By o =il (e, o) dude =
R
(le) — lim H, [(7 o),
e |

wheve K, (1), Kyir), ave Z.dimensional kernels of the type K (z) =
o (8)/ ]2 [% The double Hilbert transform (1) of 1-dimensional ker-
nels has been studied by Sokolowski [5] and Zygmund [50] from the
point of view of the theory of the donble Fourier series and analytie
funotions of two vaviables. Consequentely their proofs do not apply
to the general double transform (Ie) of p-dimensional kernels.

The extension of the Sokolowski-Zygmund results to the n-dlimen-
sional kernels and to mueh more general double transforms, will be
given below (efr. [8]).

Finally, M. Riesz has stndied the diserete Hilbert transform of
sequences, insteml of funetions, and in the paper of Zygmund and
Culderon [2] these 1esults ot Rissz are extended to n-dimensional
kernels. From the general theorems given below will follow that
Sokolowski-Zygmund vesults extend to the double discrete Tilbert
transforms of n-dimensional kernels.

1) Thus, there is a complete analogy between the fundamental
{heorems of Milbert transforms and ergodic theory, though the
proofs in the ease of ITilbert transforms uare considerably  more
complex.

The aim of the paper is to unily and to generalize hoth theories.
As the first stop towards nnification, we will try 1o finied s common
method of proof for both theories, based on general properties of
operitors in the LP spaces.

For this purpose let us observe first that in the case of the Hil-
bert transforms as well in the ergodie theory, the proof of the con-
vorgence theorem preceded that of the maximal theorem. Pitt and
Yosida showed, however that the proofs of the ergodic theorems
become considerably simpliefied if, contrary to historieal develop-
ment, the maximal theovem is proved fivst. It is nafural to espeet
that a similar inversion of ovder should he adyvantageous also in the

case of Hilbert transforms.
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Lt should be observed next that, in hoth theories, the convergen-
ce theorem is immediate for certain good funetions forming a set
D = |7{ which is dense in all L#spaces. In the case of Hilbert trans-
forms such « good » funetion ave, for instance all the step functions
orall the differentiable functions vanishing outside of compact sets,
Thus for any /e D the operators M/ and M/ ave well defined.

Since the operator M/ is defined on D, and since the fanetions
Je D are move easy to handle, our first idea is to reduce the problem
to the proof of the properties of the maximal operator M and for the
functions fe D only. That is, we fiest proove (¢fr, § 2 below) that the
trath ofthe properties (11 — (VITe) for all funetions /e L2, and all p,
depends only upon the verification of the maximal theovem (VI
— and that for the functions /e D only.

Hence the proof of the ergodic theorems aud those of ITilbert
transtorm are reduced to the following general problem :

Prosres A, Let | Hy{ be a set of linear bounded operators on
Li(p>1) such that W, fix) > HE(x). almost everywhere, Jor any
feD, where D is dense is all the Li-spaces. Under what conditions does
the maximal aperator ME(x) = sup | H, £ (x)| satisfy on D the inequa-
Lities (V11) 7

In the precedent paper (8] we have shown that under certain ge-
neral assumptions (which are satisfied in the case of Hilbert trans-
forms or ergodic theory) M/ will satisty the inequalities (V11 if the
limit operator Hf(v) = lim I, /() satisfies these inequalities on D,

Thus, problem A is redaced to the following general problem.

Prosrey B, Let | H{ be as in problem Ao Under what conditions
are the operators Hy, and 1 = lim H, uniformly bounded on D, consi-
dered as a subset of L ?

In the precedent paper [6] we have given a solution to problem B
for the case p = 2. Next in [7], assuming that H is bounded on L%,
we gave general conditions for the boundedness of H on L for p=-2.

The conditions given in the precedeént papers apply to, both,
Hilbert transform and ergodic theorems. In this way we obtain a
common method of proof for both theories. Moreover this method
simplifies considerably the proofs for the case of Hilbert transforms,
speeially because of the reduction to the set D where most precan-
tions concerning the existence of limit are unnecessary.
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Ry The above method applies not only to Hilbert transforms and
ergodic theorems, but also to more general operators, thus enabling
us to unify and generalize both theories as follows,

We first ohserve that, since the operator

D) = | fe:l)dt
il

is bounded in all the L* spaces, the srgodie theorems will not alter
it instead of the operators D, /(') we consider the operators

D (Py = Dgn [(P) — Dy J(P).

The operator 0, (which will be denoted now by J), /) may be
| written

2‘1] 1
] . ~

l j)m’j (P) — '._;.;; j.f.l_gi P) d! == 3}'{:5},!“,} i
. \ J eyt (1 dt
where din (§)= 2=z (1) — ¢, (1), gy (1) being the eluracteristic fune-
tion of the interval (0,2"),
If Q were the enclidean line Q = B' = ol and o" = g0 = + {,
then (1) could he written as a convolution

Dytfiey="| [(e4t)dmw ey dt = | [»d"] ().
Thus the ergodic operators 1), may be considered as generalized
convolutions ol funetions /of an abstract space whith kernels d" ()
of the enclidean space A,

On the other hand, in the case of the Hilbert transtorms, the
corresponding opervators H,, arve convolution of [ with the kernels
K™ such that : K (x) = w(@)/|« [Fif|@] < m and zero otherwise
where » (@) does not depend on |wv|.

Thus, both sets of opevators, D™ and H™ arve given by {gmiem
lized) convolutions with correspouding sequences of kernels dU (@)
and K (w).

Moreover: the kernels A, as well as the Kernels d are gene-
rated by dilatations of a fived kevacl, in the following sense. Let iy (v)




— 115 —

he defined by K;(e) — o (e)/[e|*if 2 < |e] <2 7' and zero other-
wise (n-dimension of RY). Since w (x) does not depend on ||, the
kernel K (x) = K, (x) = o (2)/ |2 ["if 1< [&] <2, and zero otherwise,
generates the kernels K by the formula

Kilwy= 2= K (2= "),

and
gz

Iy {.ﬂ} — E ﬂ", (.‘l’j.
Similarly, the kernels (" qye generated by dilatations of the fived ker-
nel Aty =—1if|t]| <1, dit)y=1if1=<|2|< 2, and zero otherwise,

i

in the sense that ™ — ¥ d; where d; (1) = (2= ) v d (2~ ).

=11

Henee the operators 1), and Hy, may be written as a sum of ope
rators K and T,

1

(VII1) o= 3T Tif =[xk
e

(NVIT ) Dy = E ; Eifﬁj'l-dl'.
i

where the operators By, 77, are generated by the fixed operators B,
and T,

This suggests to consider general operators H,, ou L generated
by dilatations of an arbitrary kernel K (2). We actualy prove that
the properties (L) (VITe) of the opervators 12, and I, admit a gene-
ralization to such general operators H,,.

Inother words, we will show that the fact that a sequence I,
of operators is generated, in the above sense, by a fixed operator,

implies that the operators H,, £ () converge pointwise and in the
mean, and arve uniformly bounded on all the L7 spaces, p > 1. This

particularity of the operators H,, is due to the following two funda-
mental properties of the generated kernels K : '

a) 10K satisties a general Lipshitzien condition of the form
VR — K0, [b], where K'(£) = K (t -+ b), then the generated
kernels K satisfy the condition |[ K — K|, = 0,2 7| b, and this
implies as we will see that || 737 [, = 0,. 277 || [|l. Thus
Hy = To+ .. + T, is a decomposition of 1, in «almost ortogonal »
operators, in the sense that for large values of |{ — j| the operators
Tiand T; ave almost ortogonal, In the precedent paper [6] we Just
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proved that operators which admit such «almost ortogonal » de-
composifions have their norms bounded by fixed constants, Ths.,
the operators 1, generated by a «smooth » kernel ave uniformly
bounded on 172,

b) The fact that K; are generated by dilatations of o fixed kernel
() whit:ll‘t:mu.p:tct support implies that @ = 0 is the only point
such that K;(e) =0 torall i = + 1,2, ..., where I is the Fourier
transform of K. Therefore, by a tanberian theorem of Wiener-Benr-
ling-Kaplansky, any function /[ L' (') such that T Jnydr = o,
can be aproximated in L' by linear combinations of translations of
the kernel A Form this fact it is easy to deduce (see §4 helow) that
the operatovs I, [(P) converge pointwise for all /of a set D dense
in allthe space Lr (L), Thas, the profonnd reason of the pointwise
convergence ol the operators I, lies in this property of the Fourier
transforms A7, which in its turn is dne to the gencrating property of
the K. g

The properties «) and b) permit to extend the whole theory to
operators [, genervated by kernels N () defined on general loeul
topological abelian groups, instead of £, and obtain thus a complete
unification of the theory. Henee, the theory of Hilbert transforms
and ergodie theorems are special eases of the general theory of ope-
rators obtained by convolutions with kernels K, satisfying «) and b).

G) Finally we still want to mention, in a vather vagne and not

rigorous form, some considerations whicl guided us in the solution
of the problems A and B mentioues in ). In these problems the
limit operator H. whose boundedness we want to establish, commu-
tes with translations and dilatations: Hg () = [H[|(@+1) if g (x) =
Sl 6), and Hygv) = [I'{j']-(}.n?;]- il g (w) = [(rae), This property, in
faren, implies that any lnear homogeneous functional (or differential).
equation satisfied by /is simultaneously satistied by H/. For instance,
it f(x) is defined by f(a) = 1if0<a <1, /(2) = 0 otherwise, then
[(22) 4+ [(20 — 1) = fle), and this equation is clearly satisfied hy
its Hilbert transform

Hf () = log l—r; it 0<w< 1, Hf(x)=log = = y otherwise.

Sueh equations have usually a unigue confinuwous solution. The
solution Hf (el is, however, ditferent from the solution /(v). because
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Sy and Hf (@) have discontinuities at @ = 0 and @ = 1. yet they
ave determined by their values in arbitrary small neighbourhoods
of = 0 and @ = 1, that is, by their «local behaviour».

Thus we may anonnce the following vagne « prineiple » : It some
homogeneous relation between / and Hf is troe locully then it is
also trie everywhere, and the behaviour of | Hf — [ may be detee-
ted by its «initial» values. Aceording to this o prineiple s some
velations between [ and H/ ave more likely to oveur, it Sl is nor-
malized by the condition | /(1) df = 0. Also, il a certain velation
between [ and Hf is troe loeally it may be espected to be true
everywhere, This is just the intnitive meaning of the solution of
problem A and B given in the precedent papers [7| and [8]. where
«loval » rvelation between operators, and conditions " for normali-
zed funetion, are considered, '

Another consequence of these considerations, is that if H [ and [
are related by certain fanctional velations, we may expeet that these
relations could give the key to the proof for the properties of “HY,

In the case of the ordinary ITilbero I'.mimi'u;n‘m there exist simple
relations between Hf and f and we will show (8 6, A} that these
relations actnally permit a very simple proof for the busic properties
of I/, Since this method of functional relations is related to the
operational method of the theory of distributions we think that the
above results may be generalized to a certain elass of operators of
the form Hf = [T, where T'is a distribution.

2. The method of the maximal operator. As we bave seen in
the Introduetion, in the ease of Hilbert transform as well as in that
of the ergodie theovenis, the main objeet is to establish that a cer
tain sequence of operators H, = Hy,y s=m ', possesses the following
properties: 1) i, converges in the p!" mean to a limit operator Hf
on Lr it p > 1, 2) H,f(x) is pointwiese convergent to H /() for
every fe Ly p = 1. 3) The limit operator H/is hounded on L2, if
p > 1, and satisfies the inequalities (V) and (V1) of the introduction.
4) The maximal operator M/ = sup I,/ is bounded on Li,p > 1
and satisfies the inequalities (VIID) and (V1I¢) of the introduetion,

On the other hand, in both cases, there exists a certain set D of
«good » funetions, dense in L7, such that the convergence theovems
1) and 2) are immediate for the function feD. In the case of the
Hilbert transforms, as sueh good functions, can be taken all the
step Mnetions, or the differentiable functions.
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First of all we shall show that the problem of proving the four
above properties (for general sequences H,) can be reduced to the
considerably simpler problem of proving that the property 4)is true
for the functions /€éD. In other words, the trath or the four above
properties for all funetions depends upon the vervitication only of
the «maximal theovem » 4), and that ouly for the functions /feD.
This method of using the maximal operator amd the «elementary »
space D, can be formulated in general terms as follows,

Let £ = | Pl be sneasure space, g a measure on L and Ly = L
(L2, @) the set of all real measwrable functions (), defined on L,
and sueh that

171 = f Lo e anlir < .

For each p = 1 Tet D, be a fixed set of functions, dense in the space
Lo 16 T = 17 = T/1Py= [Tf|(P) is some (not necessavily linear)
operator defined ona set of functions D° = | /|, we shall say (efr.

the precedent paper f.?[] that 7'is of the type p on D" if
| T rdp < 0, | S0P ] dp. (1)
i i
for every funetion /D’ O, being independent of P and f2 We shall
say that 7' satisties condition (p) on D', if
ol !‘J o f“” Tf'j)]l-\' & 'f)}? |f 1, |pd
(2) pli, = i k|| T :_—_f.]}_ﬁ A AN LT
13
for every /eD"and every » > 0,
We have seen in the precedent puper |7) that 7 satisfies condition
() iFamd only ir

(3) \ Lfdp < Oyl (= [ flraant ™ (0 <a<p)
’® i

forany set 2 < L of finite measure. We have also seen, that il 7
subisfies condition (1) and condition (p), p > 1. then

V177 g = 05 V171 + Tog [ /) dpt 04 (4)
& i
Thus, an operator T satisfies on D' the three inequalities (VILa),
(VLG and (VITe) of the introduction, il and only it 7' satisfies con-
dition (1) and is of the type p, for every p > 1.
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Let ns fixe now a set of opevators | M4, = >0, with l'.h'_e following
three properties:

Ay Forench = > 0, H /s defined for any fe LV and any p =13 it
assigns o every function fe L2 another funetion I f(P), finite for
all PeL2, and lincar in /:

H Sk = S s

By 16 fie bt (ixed p= 1), n= 1 2.and || fu]l, =0 asn — 20,

then lim Hf,(P)=0,
w =0

for all et and for each = > 0.

Q) [ s pointwise conveérgent on Dy, as = O
(5 lim H () = H Py, for almost all Pe€), and all feD,.

Lot Mf be the maximal operator of the sequence I [ defined by
ML) = sup | 1 [(P)).
1=

Then by (3). M1 < > for every feD,. and almost all Pe, an
L1y | < M.

ProOvOsITION Lo Let Hobe aoset of opervators satisfying A), B) and €).

wy Iy the mawimal operator M = M{ is of the type p on Dy, p =1,
then M is of the type p on the whole space 1.0,

by L) M satisfies condition (2) on Dy, then it salisfies condition (2) on
Lthe whole spaee 1E(Q), and the pointwise convergence (3) holds for
all fel”.

¢) 1) M satisties condition (2) on Dy and condition (p) on D, 11 = 1,
then it satisfies these conditions on 17 and Ly, and the ;mium;a‘x;r conre-
genee (D) holds for every el and every felul.

Proor. a) Assume that M is of the type p on D, that is

() \ | My (P |rdp =0 |y () [* dp.

1]

tov every geD . Let fe Lr. Since Dy, is dense in L2 there is a sequence
;€D sneh that

lim [ f=ail|, =0.
h=ec
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It is easy to see that 3/ possesses the subaditive property :

Mg () — ML {}’}’ =< Mig—"Hhyrm,

for any y, heD,. Henee | Mg —atn |, < Mg —hy ||, and

“..'H' ke “P 0
implies

3t~ g ey < 1 3 @i — gy 0 = 0,

Thns,

ge—gerilly - 0.

lim Mgy (1) — My (P
hos o

exists almost everywhere on (O

owhere gl s a subsequence of Ll
By B), for each = > 0,

LI | = Tim | Mg (1 [ = lim Mgy (1) = M,
= k —wvo '

&

therelore M (1) = M), almost, everywhere, and iy (6)

\‘ [ MfLry |7 dp < \ | M, [ () dp = lit 1 | Mgy (Py|» n

4
20y lim o ag = o, L1/ g,

Henee ) is of ihe type pon the whole space 4r,

b) Assume now that 3 satisties condition (2) on D, so that it

I (¢) is the set of points 2 tor whiel My (P) =7, then

| 0, | _
REE N <5 | o Py 1 ap.

for any yeD,. Given JELZ, there exists a sequence g,
LS — [« = 0 and lim U:{P) = [(P) almost everywlivre, as & — s,
IEMf(P) < >, there is an : 2> 0 sneh that M) < 2| /(1) |, and
by B), | H=f(r) < 2| Hzgy (P) | forall & > 4, Therefore,

€Dy, sueh that

WEASY=p ) B[P Mf =]l < lim 1w ()
ke

o 0,
= lim =2

R IR
= | AP Py = = | [P [
s ) e i AT -
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r‘ Hence M satisfies condition (2) on the whole space L7 Now given :
’ JELFand 2 >0, there is a ge D, such that ['= g + & and || k||, <32 ' .

Hence, it 15 is the set of point P for which | Mh(P)| >3, then

O 0 5 2
ekl =< §§ [ W) [* e 'Fj_; BV = 0,.5%
i

and wl; —+ 0,453 > 0. For £ not belonging to E;, we have

| H P = Py < 3,

for all = > 0. Therefore, since g€ Dy, and by (3), given 2 not helong-
ing to 2y there is an =, &nel that

Vg (B) — H g(P)| <8 and | B, I(P) - H,_h(P)| <23

forany =, 20 >z Henee | H ot — H, J(P)| <32 for P not he-
longing to Tsamd 2, 20 > 2, Sinee the measnre ol Iy may be faken
arbitvavely small. it follows that I /(D) converges for almost all
DeDas =,

The proof of e)is quite similar.

COROLARY, L) the mawimal operator M — My swtisfies condition
(L) on Dy and ix of the tipe pron D, for every p < Iy then

1) M satisfies condition 1 on 1,! and.is of the type p on L, S 1L

2 L EIP) converges almost eeeryohere to WE (), for coery T Le,
=0 '

B L eonverges in the p'" mean (o 111,
pi> L.

1) For every set B of finite measire,

‘ for ¢ very el and erery

lim ‘ | Hf Py — 1P [“dp=0. if Je LV and 0 <2 - 1,
i

v =)

tim | S PV~ B[ (P)|de=0  if | /] ng || e L.
v =k lf\

The Iast two inequalities ave tonsequences ol Proposition 1 amd
of theorem 2 of the precedent paper [7].

REMARK 1. Proposition I asserts that il ) satisties condition (p)
then the pointwise and the mean convergenee of the # hold. This
can he generalized as follows,
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Let f{} he the operator
HY(P) = Tin sup /(1) — Vi inf 1/,

so that | Hf(P)| < 2217(P).

By a theorem of' 8, Saks (the idea of the proof is given in Propo-
sition Ta, below), if (L) < so;and if [ (1) < > almost everywhere,
for all fe Lv, then || /< ||, = 0 implies

| lp ey —tge (1] > v,

for almost all 22, where Lol LIS subsequence of | gl

I'rom this theovem of Saks, and from condition B, it follows that
inorder to establish the pointwise and the mean convergence of
H. [, it is enongh to prove that MUP) < s almost everywlicre, lor
all fe b,

This argument is due to Ko Yosida [15], who nsed it in the proof
of the ergodice theoremn,

The argument of Saks-Yosida can he used to prove also the follo-
Wing proposition,

Prorostrion la. Let (L) < oo, and et 1" e L', (s = 1). be the
set of all funetions C(P) such that

/1], = { AP0+ Togs |0l 1 dp < >

o
IF ML) < oo almost ecerychere, for ceery Ve 1% and i the point-

wise conpergence (5) holds for every fe L2 thew (5) holds for erevy
fe L2 '

Proor. Let (8) be the space ofall the measurable funetions S
steh that [ /()] < = almost everywhere, and let

RUARl

3y
T+

1Al = |

Lo is well known that (8) with the metrie || /{[s is o linear space of
type (F), and the convergence in the metrie || /)]s is equivalent to

S
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the convergence in measure. If [ /s delined as above, then by as-

sumption (P =2 M [ (P) < o almost everywhere for every

S L* TPherefore H Joassigns fo o each fe L,* a funetion IT /€ (8
Let ¥ be the set of all the functions fe L,* such that I/l = 1.
ach /e ¥ belongs to LY, and by Faton’s Temma it is easy to see thaf
S as w subset of LY, is elosed in L', Therefore Y. whith the metrie of
L1 0s awecomplete metrie space. From 1) it follows that for each =>0.
H, [is wcontinnous transformation of ¥ into (8) ($ with the metric
of L. By the category theovem of Baire (efr. Yosida [15)), there
axists a constant € and an open set {"of LY, sueh tha 'Y is « .
non-void set and || ﬁj fls = € for every fe UngS.

Let fern §and take & > 0 so small that /;, (1—2) /¢ (" al.

For >0 safficiently small, [|g]], <%* implies /, + get’n 3. In '
fact, if' £ is the set wherve | g ()] = [/, ()] then

LT+ 1ol 04+ lghlogt /il + | gl

=] A S 4D + 2680 )| fu)
on 1, and

=2 gl Lo llgt b+ " log Y gl

an L-FL Tenee,
(atalle = U tadll folle #2060 1L g [l Ll + 0 1o 60l 0]l
S AL |lo + 55+ 20 log (") = 1,
g is sufliciently small,

Therfore || .ﬁg- [[«=]] };',{_f]ﬁy'-} || s+ I]ﬂ};{/i. | «= 20, for every g such
that [[g]l, <% From this and from | ﬁ[}J} <2 n]] !?:-‘j it is easy
to deduce that || ¢ [, =0 implies || Hy:||x - 0.

Now. given fe L there exists a sequence e L* n L* sucel that
[Py | < | /ey and [ he—= £, 0. From [ ] = /] it tollows that
M= [ | =[] log e = f1 = Csto | £] 01+ logt [/
and applying to the Lebesgue theorem on term h]_.-_' term integration,

we obtain that || /=M, 0. By assnmption, ke L* implies Hh=0
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s + LG = klls =

almost  everywhere, hence || ;EJ"“-“'_: | Hb,
0l EI.U'— hylls O us i -0

Thus, || HY |s=0 for every felg" amd this proves the proposition.

3. Auxiliary lemmas. Let K (x) bhe o function, defined on the u-di-

mensional enclidean space K= | {sueh that

%) K(@)=0if|@|>2 where || denates the distance of v to the
origin,

@) \ KNix)de =

1

i) \ | K (w— 81— K () |de = O, . | H],  (0,= constant).
[

2) | K (@) = 0 for all we .

The condition &) may be veplaced by wore gencral ones, bt in
order to avoid complications we shall stick to condition ).
Foreach i=-+1, +2, L5 wedefine

: Y
(7) Ki{8)= o= K (:—_];

where n is the dimension of the space 2 =) a |, From the conditions
a)—5) we obtain
o) Woje)y=0if | x| > 2

1311 ( K w) di = 0,

‘t.:ﬂ
o V1K= s @ =ty e s ]
it ()= Ki(m—1) | de = 0. 55
e
- = - f)l ar [ # ; #
(‘t-) !J’I‘(fﬂ}llmf ” “{31112-“ \ |h,-tm-}_[d.r_§f)1.

I
Let L2=) P be, as before, a measure space with o measure (b, and
let gp, we % be a w-parametric group of measure perserving trans-
formations on 2: For each aelv, o.1" is anone to one transforma-
tion, assigning to each point Pell another poinf g PPeld, i sneh
way thit (@ 4y denotes the vector sum of @ and y)
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Sad-u P— =l Ty f’} =Gy {G.a_-)”}-_ G_'"]): 1’,

and such that for each set o (N8

(%) {lon k) = p(),
where o,/ is that of all the points of the

form o, Pe B. To uny
function £( 1), defined ind measurable on L, we assign the funetion

() SOy = flor 1y
defined on ) 3 Jee, W assnme that | g, | satisfio
vability  conditions so that i () is a me
then [{P.) is & measurable function on the
50 R From (8) it follows then, that

s the nsual measi-
asurabile function on O
product measure space

() | S ULy )l — | SAP ey dp( P) — | 1P) dp. for every el
4 i "
It /s peintegrable on © (or if Jenr Q.

W p = 1) then .}‘( 1‘, @,
A% a fmgtion of w, is integrable on every finite n-dimensional sphere
B=RB{r= o)<

« for alwiost all P In fact, by (Sa) and by

IPubini's theoren,
i
)

| f |/ (D) | i | dp (1) —= . i [/CP @) | dp (1) | de
R P '

= [ gt de = v () A1) [ dp < e,
0 i

where 1 (r) is the volume of the splieve I3 (r), Therefore,

L1/ (P, ) | de < so
i

for almost all pe 0.
Sinee K (@) = 0 for || > 20 it follows that the integral
(10) T f(Py= | S0 Koqtyar = | AP0 Kty at
I Ity
exists for almost all 2, and defines
V= 41,9, ..

For each m = 1,2, ... we define the operitors

dnoperator 7 oon Q) fop every

e ———
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i

(10 ety Hi= ¥ @,
=1t
L —1
(1000) Het¥= 3 T;;, 4= T ¥=HiHu*
i=n 1= b

Similarly we define on the space R =} [ the operators :

(11) Lo () = (g* K (e) = H gl 4 1) Wit dt,
g
_[Illﬂ-}; ﬁm :. E ?i-}

and similavly are detined Hut, 1_1,,;".
Since

(TS Waal) = Tof (L) = | fL1 @+ ) Koyt = [ [P e Ko (o),
B

each operator 1y, or M, assigns to each funetion J(P), defined on
0, o funetion (7 /) (P, @) defined on L % R For fixed DA r e, )
= Tig@) = [T S 000 @), where g (@) = /(P ).
Al for

o=, il 0y =T f(P)

We shall fivst dednee some simple lemmas concerning the kernels
I ().

For each function g (@) defined on 17 we will denote by gl
— gy (@) the funetion equal to g (a) if | o] = N, and zero otherwise.
In pavticular [ (P, ey, = /(7 )y, (@) is equal to £ ) 1f’|.1| <N, tnd
zovo otherwise. We will ise thie notation 9 (#) = 3 (¢, N) for = tum
tion (@) such that ¢ (@) = ¢ (@)x). We will also denote the sphere
[t — x| =r by Bir)y=DB (&, ), and its volume by Vi) Finally
palit)y pa o (@), w0, e B will denote thie  funetions  defined on
R =Y 5y

= &p ]
(12 pa.w (@) = :‘ : “:'” nthli:r\\‘li:e = v g e) = pyou (@),
so bhat

(12 ) [ puwlie) die = | ga ulli = Nl = 1
Nﬂ
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We will uxe frequentely the following lemma, whose proof is
ohvious,

LEMMA 1. I/ ¢ (e) = ¢ (e, N) vanishes for | 2| > N, then

(13) VS8 g () de= | f(Pr + Dy ¢ (t) Al
ne g

= [,."‘ P-_ . ]l'.’.\'j * tPJ {-'i"'))
Jor eneh x of the speve | x| < N In particular
(1) TP 8= TP Jusi] @)= | J(P, 2400z Kol dt
J‘”f
Jor all x of the sphere | x | < o1,

LEMMA 2. Let 3(x) = 3(x, N) be a_function vanishing for | x|> N
ind suweh thet .

[ ¢ (2)de = 0.

i
Then
o . 0. N
(15) kil = =5 Nl
where

Feliw)= | K (x—1)p(t)d.
n

I partieniur

(15 a) || Kxh

|l = 0y 8-l

Preoor, T faet, by assumption and by )
[lexdii]l,= | | | #(0 Bi(e—t) at|do= [ | | @) K:(w—t)—
#n f/ ) ﬁ'h Hfi
| — K, ()| dt|de
=) U | | K (e —t) — K, (@) | | dt

I i i "

':‘| siup P [ Wil —t)— Ky ey | da g | EXGIN
N Ew. -

it % En

G o N
= ]i‘aii n “71; ”1'
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In partieular, since A (@) vanishes for | e | > 2/ and by ) its inte-
gral ig zero, we obtain (15 o).

LEMMA 3. Let g(x), xeR' be « function of the form %(x)=
= Ga, w (X)— g, ¢ (X}, where g, i(x) is defined by (12). Then :

Oy (atbt || +| )

YN
-

(16) R | P 2 10> 0,

(17) i ||, = 027 ([ V (@)] 1 | VY it d < 0L

Proor. By (12a), || %], = 2, and ¢ vanishes for |a| > a + b, and
its integral is zevo, Henee (16) is a particular case of (15), In order
to prove (17) we may assume u = ¢ = 0, Since g, (x) is constant on
the spheve |2 ] < @ and on the spheve [ | > a, and since the integral
of IV; is zero, it is easy to seée that the funetion g, » K (@) vanishes
for any point @ sueh that ||| — | > 2L Since

o < LV [ g x Kofwy] = (V@)= )L = OV @
we obtain
lga® Bills <28 V(a)~,

and similarly |[ge ® Al = 270V (@), and this proves (17)

Luvya 4. Let wix), xe R be a function vanishing for |x|[>N
aid Tet
b (PY = | SIP ) 5 (t) dt.
e

T-}I\‘,‘Jt

a8y bl = eSO e dp (P < o L LA

Jorp L,

Proor. Taking in account the measure perserving property of
g and lemma 1, we shall have

" ) I I I . ) I A
‘ | ':l-"j ( .P)'l" ﬂ'l_l. lrl'} — W E : -‘ I ']"; (!v’g m}l# dl-'-'( ) $ da

i N g
1 P A 1 = i ~
= i SIP e A ) g (6 de]” du(l N da

HiN W
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— T ‘\ ! [ b 8 . A
—F-_N')‘f ‘“f(.f’,-t+f}:p(¢;,ff
L L T

Pde ! dp(Py

1 4
:"'m--]‘ j ‘ \jl:l,:}?"’fhuhcp{f:‘df I’ffd'dl.l(.p)

¥ g I
EL ff"

‘ “ SUL @ = )y © (8 de "’ d.r" dp ()

‘f‘!l HI’I
—___-b‘" 2oy ik .&-‘-.‘)
=@ | #_‘1’*”"”"" de {dp Py,
R
where h (P, x) is defined hy
(P, w)— j JUPw + By, @ (1) dt = LACL, * Yoy, * 9] (2).
; ﬁl
By a known inequality of You ng ([1], p. 76),

LRy rde <\l § 1702, ) | at

o il

=[1#]l | /20 a.

TR
Hence we obtain,

1 & ; i |
\ [Py dp < o )”:9“1 . ‘ L/ 2, ¢_1|vm-; dp ()

'.1 m'\;
= l———l f \ ,\lfu' 017 dp( f-;i dt
j g o
VizN)

= Sy Ie s [/ a=o, el e 71,

LEMMA 5. I/ Wi(x) is defined on R'=} x [ und hel.r (R, p >,
then

Vim [ h—(hxg) || = 0,
b—afl

where
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) ; i ) ) 1 )
(hag)(n) = \ h{t)yg. «(t)dt = l"(.sj T (1) dt.

-
yr f—itd e ¢

Proor. This is awell known theorem and is an immediate conse-
quence of the Hardy-Littlewood maximal theorem (see the precedent
paper [8]). In faet, by the Lebesgue theorem

lim (hxp,) ()= lim R(tydt=h(n).
e fl

0 Vg

[ bt ] s
for almost all we 1, so that
lim | & ()~ (hwg,) () |1 = 0
=

for almost all w. By Hardy-Littleoewood’s theovem |hag, (2)] = A (@),
where Ae LY, it p < 1. Henee we may integrate term by tevm and

lim | | &) — (kg ) (@) |7 dae 0,
P | !l.nu

and this proves the lemma,

LEyMMA G, 1/ Te L (L, p), and p < 1, then

tim [|/ (a0 1) = (f (P ) % g ()], =

i | L /(Pyu) = | SO0 g (0 dE| dy =0,

> i o
Jor every ne R

Proor. Let =<1, == 0, We may assume u = 0, Taking in ae-
count the medsnre perserving property ol s, lemma 1, and that
g. () = 0 for @] > =, we shall have:

ISPy =\ J(P O p (0 de |2 dp(P) =
LE F

‘,_:” [ ;H'f(, P, vy — I\._f(’.l’,f + @) p, (1) dt|> dp (P) ; de
' ]_:f_ 16 i
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1
—=— m \ ”/(P )y — !/w ) g () di pdw‘dt”p}
TP i
1
= (1) S “.f §Py Dy — [f('p, Vg * Pl] ”FJ’ dl" (P).

]

By the preceding lemma the last integral tends to zero for = - 0,
and hy Hardy-Littlewood's maximal theorem this integral is domi-

nated by o function () of the form

FAPY< O, | [P0 Pt = 0, |1 |ea,
o [r|_;: 2

Sinee I'(P) is anintegrable function [because

| F(Pyar=o0, | PVLAAP 0 frdp bdt = 0,7 (2 UI” dyl,
7l I;['-.: 2 0
we obitain

lim || /(PY= | J(Pt) g, (O dt|P dp (P)=0,

LI LR £ | o

amd this proves the lemma,

Dryr lmum. 1 Wewwill denote by D, = D, (L) the set af all fune-
tions £{P)e L* (L, p) of the form

SPY= Vg (P (g o () = o (1) dt
#Ji
=gl g () =g (D) *p. (W),
where gel=n 1\,

We will denote by D, the set of all functions §(PyeLg (L2, p) which
are o, — invarient, that is, £(s,P) = £(P) for all xe R* and almost all
Peld. Finally ice denote by Dy=DJ+ D" the set of all functions of the

Jorm ="+, where Dy, 7€D,".

Livya 7. The set Dy is dense in L2 (82, ).

Proor. 1t is enongh to prove that if ge L* (), ) is ortogonal to

Dy, then g Lielongs to D.”. It ¢ is ortogonal to D., it is ortogonal to
any funetion of the form

S g = [ (P g, fedta L.

R=

p— — =]
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Allowing = tend to zero, we deduce from lemur 6, that g is ortogo-
nal to any function of the form ('Y — SlauP, Je 1A (L, W, ue i
In partienlar (g, ¢ — go) = 0, where do (%) =4 (3, ). Besides, by the
meashire perseving property of g (P ) = W 4 Therefore

=G ¢ — g =\ Gur G (4 g2y g —uy=2 14 §— Fi) = v,
and ¢ = ¢, for everg ne kv. Henee g is invariant, that is geDy’ anid
this proves the lenmut.

4. Proof of the mean and pointwise convergence in LY lu this
enge of the operlors H,f tor

geglion we shall prove the converg

fﬁ. 12,
Though we will consider the rveal spaco i (R T composed by
Jy extend to complex tunetions.

veal funetions, the results obyious

T, defined by (10) assings

cach i, the aperator
(L of the same

provostrion L Tor
ler [umetion e lsd

to each function te L2 (Q, ) anol
spaee with the Sollowing properties :

1) oy is a linear aperator on the real Iilhert spaee LA
wtor "0y s given by the formuld

0, gy and the

adjoint ope
am T4 R)= | f(P ) Ki(=1) dt.
N

2y The operators 'Ly re wniformly Boanded on 17 :

(O independent o, f £ and of i)

@0y TSl = el Sl

3y The operators T and "T" connnte :

.r‘ 1.1;[_\.'1_._____ rl\Jr_Pi‘l l'l'lirlu* —= Tjﬁrr.l-

4y Forany iy j. and @ny fe L2 (€2, ), i iy true that

o PRt i

(21)
(21" I TiTJ‘f.“-:f.”:-Q‘ = ‘U“"
Provy. 1) By the measure per:-aer\'ing property of 5., we have

for every [y g€ Lg{Ld: 1)
eyl | P ) Ko dt) dp =

(i fogy =\ 1
e ?‘l’"
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[ Kty g(P—0 /(P ap ()} at

| KO | g )Pty | dt=
o yll

10
— (0 g2 ) By (— )t = ([, T

s

it i

2) In view of the properties §;) and &), (20) is an immediate con-
sequence of lemma 4.
#) We have

TP =Tol | S 0 () d= | | | /(3 1) K (0 Kile) d

I [ L

= !' | SO, e t) B (1) Ky dtde=T5 (1 /) (P),

- nnopn

amd simitavly 705 =T,*T.
4) By the precedent equality

L= | [P wbt) K () K () dtda
g
=1 { _{ FPos) Ky (s — @) dt | KiGeyde= | [Py 8) % () ds,

g Rt

wliere ¢ (s)= xR, (8)= | 10 (s —x) I () el
e
By %), % (s) vanishes for [s] > 275 and by lemima 2 (150¢), N ili=
| Kods ||, = 0y 2= 0 Henee, by lennma 4
(LA ()

| | T P Ay = 0p. | g ]2
<00, 8= =Rl = (0 9= =T F 11

This proves (21), and the inequality (21%) is proved in quiet a
similnr way.
Prorositiox T For eaeh function Ve Dy (L) (see Definition 1), the

sequences Wt £(P) and W, £(D) converge in the mean and pointiwise
that is

©2)  lim W f(P) = ML), Y M5 0P = 1S

e i ==
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carists for almost all T, wnd
(23) lim | | Hf(P)— H, /(D)) dp = 0.

m=roa |,

Proow. If fe Dy, then [is gpinvaviant, [(g.l’) = [(P ) = [ (D),
and hy §,),

T:f(P) = \ S, @) K (@) de = [(P) | Ki (@) de = 0,
e n

u, f{PJ =0,

so that (22) and (23) ave true for /e D ,"’.
Let now ge D). Then, fhere is a function /e L7 (L, p)n L' (L 1)
sneh that

ﬂ(P) = f(P! e P — _}"{.P$ )X pow
= | S0 (o u(B) = o (0) .

Fr

If the function g, — g, 18 denoted by o, then

(24) Tig(P)= [-g(ﬁ,t}}c.-(zm:}' PSP e+t (tdt | K () do
o R R
= [ |1 S(28) wls = w)ds | I () de
J"{.u !I.'JI
= \ [P, @) (9 % K] () de.
o
Let |w|+ 0] + 4+ (Vi) "+ (VE) " =a By lemma 3,
[l 2% K]l < 0,2 a, if 0> 0. Therefore from (24) amd lemma 4,
we obtain
i , O : :
(25) \1Tsyti‘llf#uiﬁi§ \ [ dp, (P> 0),

2
| 1709 (2| dp < (9—_;—“) E]_/'{.?"a‘-[wl_:, (i > 0).

By the same lemmas we have, for § << 0,

(256%) j | Pog (1) | dp < Oy La, 2 ‘ I/ dp, (82 0),
i

H
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(26") | [ Tig )| dp < (0ya . 20y [/ dy, (i<,

Lenee
m

P il roan "
G E TPy |dp<( 3 94 L2 0w | |/iP) ] ay
0

f=—m =

=O/allf] dy.

@Ta) | [ Hiag (P~ Hyg () |* dp f 12

b — : ) _
=A E Ui ,\: 3‘}'(.’1.“.5 l_|f(p)-|::f_-;9;|;_'
s R 3

O [ _
<go i | Lrppapye

By (27) the series of non-negative elements Lz

9 ()| converges
to o limite function which is integrable, and hence finite almest

everywhere. Therefore § Thg (1) is absol utely convergent for almost
e

all oand lim Mg (P) = lim S Ty (P) exists for almost all P, This
—

proves (22) for geD’y. By (27a), also (23) is trne for geD’,. Thus (22)
amnd (23) hold for any fe Dy, and any JeD”, hence for any el 4Dy,
This proves the Proposition 111,

DEvINttoN 2. We defive the maeimal operators My and M by

{28} ﬂ"')\'.}‘{ P.}: sHp [ " IH_/.{P.)J
L |
(28 a) Nrery = sup | By f(P)| = lim My f(p).
" e f ———

Similarly, if H,, are the operators defined by (11a), xe R,

(24 Myh () — sup | Hy, (=),
m- N

(28 ) Mie (@)= lim ‘;l—f_-\-.)_':-.(.r}.
J, [———)

B M (P) | =0.] will denote the set of points P for which | M (P =%,
and | B | will denote the measuye of the set B,

M+ and MY ave defined similarly,
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TasorEM 1. The operators Wy, (as well as the Hy, ) converge to a
limit opearator Y, in the sense that

(30) lim || Hf— H, S| dp=0, forall fel# (L), p),

and the operators Wy W, Hy, 0 W, are wniformly bounded in L2 (€2, ).

Proor. Accordingly to theorem £ of the precedent paper [6], if
Mt =Ty + ...+ Tuy and the operators T, satisfy the following

properties :

(1) CEifo =0 Ta)s
() =TT
(5 A | PR VA P Pl (1= 3= Y

then || H,tf [le= 0. |[f]ls Tt is easy tosee that condition (1) may

be replaced by the following two conditions :
(2a) T = T,
( a) I 252y flla =3 e

In fact, it 7% satisfy (2) (Za) (3) and (3 a), then the operators
=V .t H(Hnt Y and (28" {H, T —{(H,,*)*| satisfy the conditions
(1), (2) and () with 2% instead of 7. Henece hy Proposition 11, we
obtain that the operators ", H,— aud H,, ave uniformly hounded
on LA(Q, ). Since || H,f — Hf||s O for every [eD, (Q) and, by
Jemma 7, Dy (1) is dense in L2 (L, p), it follows that || H,./— Hf]|;~>0
for every Je L7 (L2, ).

Traroru Lo The operitors M, M-, M. are dominated by the
operators HF, H-, H and A, as follows :
| MRy < 0, T b |2 A0 e )+ [ Ak () I* (41)
(A H R By (el

(32) | Mh ey ]t = Og] Hi (o) [P 4 A ) )+ | Ak () I
4 A Hii|* )
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where I\ is the Hu.-rd.y-Littfnn'mad meimal operator defined by

Al(e)= sup UV~ | [Re] e

Rifyi o}

ProOY. Let us fixe the number N, and let m<Z.N, and let i) be
4 function defined on K*. ke L*(R"), Consider fiest the operator
=g 7. Let a be a fixed point, and @, any point of the sphere
Biw. amy=}lae—a; | < g, W ¢ may assume e=10. Since I yanishes

for |t] > 2 we have

(33) H o ey — ot bt — (g th (= Hyith (ey)]

N N
= 3 | [Hile—t)—~ K, (o — ] bty dt
= gin

N . _
= E l | Kilw—t)— h iliwy — ”l h (D f“,
i =le ‘:j..
wheve B (), = b(t) il | —t] <2 C20 and zero otherwise. Since
| e —a g | < 2m by s By the vight hand of (33) is

X .
(33a) < T VI Kilwe—1)— Ky —t) [ =4 | LR (e [ et =
A= g 1

N
< ¥ ja-eif | Ko —0)— K ey — O] =) | ey [* ety =
e Ry, jty A

{ X () 2w 12 il __- & 1)
<7 (_-’_.}”_) ; ([)1 ‘ | helty)® mi »

m,:f:n
< O PA R F]Geag s,

where A is the Hurdy-Littlewood maximal operator.
On the other hand, sinee | Na| =27 LN I,

(33 0y H hie)= ot ooty ==
v
Hythale) = 5 | Koty =Ty (8) dty
’—'l-"l I
¥ = ) -'\; Dlban 1 .
| ¥\ Kt =) b (1) dt)= ¥ 07— L ()|
T=m g Prctit 2 | l"'""m}ﬂ )
b LR ]

< Oy A (e,
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henece
| Hop ™k ] ()] < | Hx™ hig oy (wy)] + Oy Ah(a).

From the last inequality and (33), (33 ), we obtain that for
|y — »| <2,
|H,o b2 = | Hy by P+ [Hy™ hie) [P+ 0, A0 (0)
= IE_\"' Tego . 2y () lg + 0, ] A “"'{‘”)'.Is-
Integrating in @, over |w —x | < 2" and dividing by V(2"), we
obtain :
(34)  VH, " k@)= | Hy' k@) 4+ 0 A3 @)+ 0y M) [*

1

- : 1 [ e
+am | T @It g \ | Hox* iz Gy [ diey

I B
By ). the operators H " are uniformly bounded on L7 (R"),
therefore ‘

V(2m) j | H 5" Jramny fg) |2 diy
gL
L "t @ ”2 i .
= V(E""l“ Hy™ I |ls* = L 5 | frigaey | 401
o
0 s o .F o
= I ('s_'s;uu" ‘ lh {.f: |" dt = 0 5 A{h_) (it}

1 (it
Hence from (34) we get

| Hoy @) [ < 0 Ly By [+ [ A0 (0] +
| AhGe) |t 4+ AH N PG

for any m = N. Since the right hand of the last inequality does not
depend on m, it follows that (31) is true, and allowing N go to infi-
nity we obtain (32)

A similar argument, may be applied to the operator H . In fact,
let @ be fixed and @, vary in the spheve B (v, 27")=] | —ay| < 2.




i
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Then

L]

B5)  Hy~hie)- Ha (@)= § | [Kife—t) =K (@—0]h(t)at

I =i .ﬁ'..'
'] .

= T IRt — 0= Koo, — 0] b () d,

== g

where hy, (8)=h(t) if | £]< 2. 27, and zero otherwise.
Asin (33 a) we will get:

(30) H, =l (@)= Hy=h(y) | < 0y ) AG®) (@)

Oun the other hand
— L Iy
Hy~h(e)= § | Kl —tyhit)dt
L= =i .1;--;
—m

= Hy—l(w,) - % ;3 Ko, — ) h(t) dt
2

=Hy b= 5 | Kilog— 08 (6)gu dt

=N g _
=Hy h(x)— Hiy— Ty () + ;ELW }!\, (g — 8} hyy (8)
and as in (33 5) we will get | v
(36a) | Hy = () | < | Hy=hitag) |4 Hy—ho (2,) |+ OuAR ().
From (36) and (56 «) we obtain, as above, that
V=i |2 < O 1] H () [P 4| A 02 ()|
(35 4t) A+ | Nhlw) [P+ ACHR) (o),

and this proves the theorem,

TarorEy 111 H,/ (P) converges pointeeise to HE on T2 (L), 1y

that is

(37) lim  H, fiP) = Hf(P),

>

Jov every Fel2 (L wy, and almost all P, Similarty 1, * (1) conrerges

to 1T+ ()
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pProor: We shall first prove, that for every > amd every

he .Lg {J\'“ ').

| s DR = }._1\3‘-,:; \ Vi) |* da.
o

< O] A |[ss therefore taking in wecount
= g 2 &

(58]

In fact, by theovem 1, 1 ke
the theorem 1 of the precedent paper 8-

| HA At = ‘—;; g L] dt,

I

1T | 1
|E(| =W =5

IR

ey

"

=

|B{A G 0 =12 | g
"
I 0 |
[!*J[\Ah F(::u\f‘_}.gn_{_a—s H | AL dt 5 \ | ()| dts
! i

O 1 o7 .
)= W = ;; \ | Hh M dt = ﬂ \ [ty [ dt.
[

| EIA (H ) (e
i

Pig
Sinoe, by theoren L.
| B3 <=1 B Hh = wll + | B 1A @) =l
IV i S | B (A (R 20,

we obtain (33}
Now we shall prove that, for every % > 0 and every Fe A 1L s
(39) B My = = x \ VAl dp (I

)

If faet, let N be a fixed number, B (1, N) the set of all the points
Pel) sueh that Maf(P 1) =7y il [P, N)the et of all the points
e Jon sueh that | 2] = o and My Py ) Z 8
Then

p il M (P =5l = wi 0. N

< = j Ff’\'!’d-!—-——l——\.
Ve \ L A 8
12 ! E

| By N) | A {PY:

i




— 141 —

1t is ¢lear that
B(P,N) = E[ My f(P,.)(¢) = 4|0 B(2Y).

Taking in account that, by lemma 1,
Hof (P ) (@) = Hu [/ (27 )iz o] (@)
for Ja| = 2V and m < N, we will have, by (38),
| B(D, V)| = | Blo; s (P ) (9= 7] 0 BEY]

=|B _[‘”5 ﬁlefPi' ) (-2l = ]

0. o R
% (ot mba= ;| Lo
i

Ny
Hence
: i _
pi BB 20 = g | 1B, W] dp

1

—
-

2-2%) 0

: j /)| ap = %”j | /17 dye.

£ 1

—]
4
8=
-
—
-

Allowing N to go to infinity we obtain (39).
From (39), Proposition I, b), and Proposition 111, we obtain that
(37) holds for every fe L* (L, ), and this proves the theorem.

Applications. Theorem 1 contains as special cases, the mean ergo-
die theorem of v. Neumann, the Lusin-Riesz theorem for the ovdi-
nary Hilbert transform, and the Calderon-Zygmundi-Mijlin theorem
for the n-dimensional Hilbert transforms. Similarly, theorem I1 con-
tains as special cises (for the space I#) the individual ergodic theo-
vem, the Lusin theorem for the ordinary Hilbert transform and the
Calderon-Zygmund theorem for the n dimensional Hilber trans-
forms.

In fact, let © = R'ja| = the real line, I’ = x, p = the ovdinary
Lebesgue measure, o’ = gue=a + 6, and et Kie)=a"" if
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1< |e|<2 and K (2) =0 otherwise, It is clear that K () so defi-
ned, fulfils the conditions o) — &), and in this case H,, is given by

L

Hafior= ) AL L)
Ld v—f bl a=1
F— fr—t aitl ar il g [ d

Therefore theorems T and 11 furnish the mean and pointwise con-

vergenee of the Hilbert transform H, —.f (&) for the case where s=8—w t

m = 1,2,... However it is easy to veduce the convergence of I [,

for any = -0, to that of H. [ for = = 27" Similary, let Q = R* =

| 2 {, . =@he ovdinary Lebesgue measure in R, o, P — PHu=2+u -
and let K (2) he defined by !

K(z) = wl(b) [:_13, g = [2]e™, 3F 1 <|z| <2, and K (z) = 0 other-
wise, where the function o (H) satisfies the two following conditions:

\ w (B dbh = 0

=

=

Jo|0—d{l)] — o (0)]de = 0, .d

ity =d fefr. [6]). In this case we obtain that H,f(z) = H:[iz),
s = 2-m are the 2-dimensional Hilbert transforms given hy (1),
anil similarly for the n-dimensional transforms in B, w > 2, Finally,
Jet ) = | P be a gencral measure space with a measure poand @
a-parameter group of measure perserving transformations g, v e 1",
and let K (x) be defined by : K{@) =+ 1 il 1 <|w| <2 K@)=-1
ifl 11:[< 1, K (x) = 0 otherwise. It is easily verified that A (@) so
defined satisties conditions 2) — 3), and that, in this case,
H [ = Dy ) — D4,

e

where Dyf are the ergodic operators defined by (in the 1-dimensio-

nal ease)
Dy riPy= -;i j [a ) dt.
]
Since the change of Dyf by Dy [— D,/ is not essential, theorems
1 and 1T furnish, in this case, the corresponding ergodic theorems.
Similavly H,f rednces, in this case, to the differential opérators

D/ ().
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special cases
by (10a). The ergodic
it 1= |el<2, K@= —11if L=<
e theory of Hilbert
wi()/|e]" i1 =|e|=2
the last case we fuke a
« ergodi
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Phus, both, the ergodic thieory and theovy of Hilbert fransforms
nd in particular the theory of differential operators D), ave
of the general theory af operators s H';_,'_“._, delined
theory corresponds to the cuase I (o) = 1
1 and K(ey="0 othierwise.
transtorms corresponds to the ease Kix)=
pwise, and Q = R". It in

K(x)=0 othe
, then we obtain an

general space Q==R"
¢ » &neraliznti‘nn'of the Hilbert transforms.
pact abelian groups. We shall

4. Generalization to locally com
Beurling-Kaplansky tauberian

show now that, using the Wiener-
theorem, the theorems 1111 ave easily extend ed to general groups G,

that is to kernels i (w) defined on 2 general group (i, instead of R,
In order to make clear the genwalimt.ion to general groups, We
fivst observe that the kernels I () defined by (T) POSSEsS the follo-
wing important property.
Consider fivst the 1-dimensional space K ={wls
a—if (27 x), where I0 (@) satisfies conditions z) = &k
and 3) imply that the Fourier transform of R; (w),

and let K@) =
Conditions %)

i (1) = g K (e oty

— so<u< 20, ind condition f)

is an analyitic function i i, for
. Hence, it is easy o

jmplies that K (0) = 0forall i==+1, £%

<ee that the kernels K () satisfy following condition :
) w,=0is the only poinf, sueh that f:’,-(_u,.,} —Oforalli==+1

-+ 2, (unless Kh=0). '
n fact, from K; (w‘;=‘3""1\' (2—7a) it follows that f;";(rf}—-—- K (&),

y=0, for all ¢ and for w0, implies K (2~ = 0 for

therefore Kl
Iytic funetion, this gives K — 0.

Loand K (w) being an ana

i=15 240
KN =0.

Now, if the ke delined in the p-dimensio-
ce R m>1, then I'\'.-_Qu,-.-) — 0, for all i. still implies that
O with 1, but we cannot Assure
all the !f".- vanish, However, we
linear ecombination of se-

rnels K (@) and Kila) are

nal spa
I (u) = O on the whole line joining
w, = 0 is the only point at which

can ussure that the sequence K, is a
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quences satisfying this property. More precisely: there exist fwo
kernels K'(z) and K" (x), satisfying conditions a) —2) and condi-
tion =), and such that K (x)=K’ ()4 K" (w)and K;(x) = N;'(x) +
K7 (@) In faet, leb @ = (ay,...2,) and Jet K (#) = 0, %, (@) —
%, (a) {, where

P 0=1  in®he cube |ty | 2ty |2, | <= and @, (#)=0 otherwise,
Fale)=1 in the cube e |< ;-:: woy | ] < f—:; and g, (2)=0 otherwise.

Then I;".—izﬂ on the spherve |« | = 1, and choising the constant 0,
sufliciently large we will have also K"’(aa]:i:ﬂ on [u] = 0, where
K=K —K'. From here. it follows that A" and K" satisfy condition z)
because K, (uy) = 0 for all i (ov K “ilig) = 0 for all i) would imply
K (4)=10 forall » of theline Ou,, and henee for some u of the sphere
l u] =le

Consider now a locally compact abelian group @ = {of (we shall
write additively, 4y, the group operation in ) and let de denote
the Haar measure of G. Let K, (¢) hea sequence of functions defined
in @ with the following properties :

@) Kifw) = 0 ontside of a compact neghborhood 17, of the origin,
ad 20, = 7, + U, & Uy yy, for all i.

b) | A () die =10, Tor all i.
) [ Aex &G _2=1 01 forall i,j =1, 8,...
where

regley=\| /) git—a)dt

i

denotes the convolution produet of Jand g.

d) IKi(@) | = 0, (] 3" for all &, and for all we /.
e fi’,—{u,.,}-:t) for all i=1, 2, implies u,=0,

where i,e (/= the dual group of G, and
Sa= { f() (o, n) du
&

denotes the Fourvier transform of 7,
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J) For each set L and each integer w, there is a compael set
W= ul’; sueh that [ W, 4wt [ =0 nt, ] where ¢ is an absolute

constant. Here w 7 denotes {7 4+ 7 4. 4 (7, and | !_" — measure ol

the set 17,

Obviously. the results given below. will apply to sequences |7, K+
K whieh ave linear combinations of sequences satisfying the
conditions a)-f).

Let (2 = | Pl be a measure space with a measure u, and let {o,,
re fi, be a measurable group of measure perserving transformations
orLdy sothat o, = gy (o, ). o,l” = I". To any funetion f (1) dlefi-
ned on L) we assign the function /(P 1) = f (o ) dlefined on L) 6,
and we define, as above, the aperiators

(10°) T ()= | fIP, 0V K (hdt= | [P, 4) K ) a,
& i

(10a’) Hy =T T

(11%) T (a) = |get i hsyde,  (wet,

(11a’) B, = i

wherve I, acts on the gronp ¢ and H,, on the space L

IF 07 is an open relatively compaet set of G, and gz} is defined
on G, we denote by g o, the function equal to gla)if ®el”and zero
otherwise, and similarly for f(P,) 1. % (@) = 2 (2, ) will denote
@ function sueh that ¢ (@)= (@), and | 7] will denote the measure
of 7. Finally g, will denote the function defined on @ by

(12") prie =] V[1 ir we ), anid zero otherwise,

where V= 1(z) is a relatively compact open neghborhood of certain
point ze .

We shall fivst generalize the mean theovem 1. For this Mirpose
let us observe that the assmmption /) permits to extend the proof of
lemma 4 to our general group G, only that the set |« > ¥ lhas to be
replaced now by an open relatively compact neghiborhood € of the
orvigin, such that (" el for some .

It is well known that lemma 5 is true for general groups ¢ (the
lemmais immediate for continnous functions vanishing ouf of u
compact sef, and by Young's inequality it is easily extended to




— 146 —

funetions ke L), Similarly, using f), it is easy to see that lemma
6 also holds in our case (of course g: has to be replaced by ¢y with
Ve 17, and the Viorming a directed fundamental set of neghbor
livods of the identity ). Hence Lemma 7 is true for the group .
The proof of the Proposition 1T1 does not apply to general groups
7. because it uses specific properties of the euclidean space. Howe
ver, nsing the condition ¢) and the tanberian theorem for topologi-
cal groups, Proposition 1TI can be proved as follows.
- ProvosiioN LIS There is a set D (L, G) of functions dense in ~d
L2 (8, ), and such that for cach function feD (L2, G) the sequence H,f
frmi,"rmrgas i the mean and pointivise to a it 1T,

Proor. Let D'(L2, @) be the set of all functions fe L7 (L2, p) of the
form

G J=0 (P ()= g (P Jvgr (W)= | g (P gy (n+t)— gy (' + 1)) dt.
where ye L7 (L, w)n LML, p), and « + VenlVi, w + V' eunlyy for
some nand some i 1£fD” is the orthogonal set to D' (L), G). then
D (L. G)y=D"(Q, G)4D" (L, ) is dense in L% and is enough to prove
the theorem for a set dense in D (L, G). As above we will have that
iCheD” then k (Py=h (o.P) for every x such that wen !’ for some n
and some 7 and by b) we will have H,h(P)=0, so that the propo-
sition is tene for D7 (L, ).

Let feD' (Q. G, ['=grpy— grpr. With w4+ Venl. w4+ 1" e nl /.

By by and €), w =0 is the only peint at which all the Fourier
transforms K (w) vanish. Henee, by a tauberian theorem of Beurling
and Kaplansky ([16), [17)), any function % (x). detined on ¢ and such
that | & (@) de =0, can he approximated in L2() by linear combi-
nations of the form: X/ g e (0 — a;), That is, given = > 0, there
exist m constans e ... ey, aud mpoints @y, ... x,.€ (. sueh that

e - % ekite - sl <

We take ¢ =py — gy . Then, by lemma 4,

Il_l'-',.'_-'""""p ”I'= Hﬂ*“ﬁ- "l"]. ”.!'_lly [lj' 'u ¥ —‘-IJ HI _ = ”!’Hm

p=1,2 where = Yok (r — ;) and gxp (D) = | g(a, ) (2) da.
o
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Henee the functions of the form & — g% are dense in D’ (L
it is sufficient to prove the theorem for these functions k.

For sueh o function h = gay, =3k (e — ri)y, we have by
lemma 4

2 ) and

N Nobyom, L
[ (H oy b — H k) Il _”9][2- I _%_"a!"‘ﬂ}[h = [lg]ls- IL-\—-‘ xf;]'»';ﬁ';d\_;”h

o

and by condition ¢), we obtain

Wb —xhy [l 10, [+ o] I % 2ol 0
for X' oo, Hence H,h converge in the mean to a limit Hi.
Similarly we will have that, sinee gel*n Ly, .

.;': !' | 7Py dgp ?: [ ii.',_-{; hlloll = U gl ?” q,u‘:,.“t.

-.” ol e 4 o] e, [:? i 5o,

i
and this implies the pointwise convergence of H,/ (P), slmost every-
where. This proves Proposition 111,
From Proposition 111", condition ¢) and theorem 2 of the pre.
cedent paper 6] we obtain immediately :

TuBoreEM 1 The operators Hyf converge to Hf, and are uniformly
bounded, on L* (L), ). Moveover, H,t'(P) converges pointwise to (D),
almost erevyiwhere, for all Fof u dense set in 1.2(0, ).

REMARK. 1u the proof of theorem ', condition d) has not been
nsed, and connitions a) and J) have been used ouly in the proof of
Lemma 4,

If Q=@, and o= St =u -+, then Lemma 4 is nnnecessary anl
thebrem I* is true if the conditions by, ¢) and ¢) alone ave satisfied.
Thus :

Tarores 1b. If the kernels Ki(x) defined on G, Ratisfy conditions
i, ¢) and ), then operators H,, ¢ converge Lo a limit operator ﬁf, and
wre wniformly bounded, on 12 (G). Moveorer, T0,,f(x) is pointioise

courergent to Hf (X) almost everyawhere, for all fof adenseset in 1.2 (G,

Since theorem 1* applies to sequences A; which are linear combi-
nations of sequences satistying a)f), it is clear that theorvem | isa
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special case of theovem 17, In partieular, theorem 1* gives a genern-
lization of v, Neuman’s ergodie theorem to general aroups (4,

We pass now to the generalization of theorems Il and IIL The
above proofs of these theorems are based on the use of the Hardy-
Littlewood maximal theorvem. However, the maximal theorem is

nsed there only for the sets 17;, More precisely, leb £/ (w), we (i, be
defined by :

(40) AF@) = s g § St it

i il
wilere | U.v] denotes the measure of the set 7 and 15 ave the sots of
condition a).

Then for the proofx of theorems 11 and 111 it is suflicient to know
that this speeial operator A [ satisties the Hardy-Littlewood maximal
theorems, that is that A is of the tipe by for p>1, and satisties
condition (1)

A sutticient condition for the sets U nunder which the corres-
ponding operator Af satisties the maximal theorem. has been given
by A. Calderén [9]. Calderén showed that the Hardy-Littlewood
maximal theorem is true for A7 if A is defined Ly (40) and il tlie
open sets 7 satisty the following condition :

1) The measure of 17y is ~ % (measwre of U7, for all § where o is
# constant independet of i,

Observe that condition 1) is considerably stronger than condi-
tion ). It is also necessary to observe that Calderon assumes fhe
space to be of finite measure, However his proofy in what the Hardy-
Littlewood theorem concerns, is easily extended to the general case
by using an argument of 1. Hopf [18]. [In fact, in the proof of the
dominated theorem of Calderon’s paper, it is enough to define the
lunetion 7, (2), in the notations of Calderon’s paper, as follows :
G (@)= F(2)— 1| ¢r, where B is any set of finite measure sueh that
He D, and s the set of points a for which Fe) 0. Applying
the theorem with 2 = 0 and letting # tend to D,. it follows the

desived result]. On the other hand it is clear that we may limit the
funetion Af only to the points w belonging to the set U, ({74 17},

Replacing eondition £) by the stronger condition Sy the above
proofs of theorems IIand T apply to the present ease of geneval
groups 6 and we obtain :

Tarorey Li* 1/ the kernels K, satisly conditions a), b), ¢), d), ¢)
and 1) then the operator N (x) = sup H W(x) is dominated by the
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opevators Hhix) and AN(S) by the formula (32), where A ix defined
by (49)

Treorms (11, If the hernels K, suatisfy eondition a), ), ¢), ), ¢)
and 1)), thew H £ (1) - H (1), almost everyehere, for every fe L¥ (L, p).
Similarly ean be defined the sequence A for negative i and theo-
vems I I8 and T hold also for these sequences,

Thus, these theorems contain s special eases the theorems 11
and T as well as Calderon’s generalization (90 of the ergodie theo-
ren to general groups (7,

The above theorems frnish an anification of the «diseretes and
«eontinnons» theories,

Generally the ergodic theorems ure proy

cd separarely  for the
deserete gronp fo" . w=0, +1, +2, .0 and for the continmous

group of the reals [ 5,{, — o0 < { < 2o, Likewise are treated st
tely the ordinary Hilbert transtorms and the «diserete » IHilbert
transforms for sequences introdneel by M. Riesz (efr, 2/). However
all these theories ave unified by the theory of the operators I, in
general groups ¢ whieh apply to both, the continnons and the dis-
erele eases,

5. Mean and pointwise convergence in L' — We pass now to
consider the spaces L, p -1 2, and prove
the pointwise convergence. for these spaces. For the sake of sunpli-
city, we shall consider the kernels K (e) detined in the enelidean
space B4 = Lo by (T), where K(a) is a kerne
By the argument used in $4 it will e cloqy

that the following e
sults can he exfended to general wroups 6 and kernels Ky satistying
ay — . =

the Riesz inuquality, and

I satisfying =) —3).

Turores IV, Let 0, 1, be the aperators defined by (10). ( 1),
wheve I wre the kernels defived by (7). Then the opevators 11, ape
unifovmly bowuded in the spaee LY 3 b1, that i,

| 1 1,7 il [?* e <0, 1' [/ L.
[ ) £2
Jorveery re Lo,
Moreover the operators 11 awd 11

wSALESTY e iform Wy coudition (1,
that is

e 1,

#L | Wy (P a0, (pu2fi—r4 plm Aptee it 0 <
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Proor. Let h () be a step-function defined on I" = (& {, and let
B=E(e, r) be a sphere, with center at ¢ and radins r, such that
htie) = it we B" — B. Let v (x) be defined by

1 f
) N h(tydt, it wxe .
"f.li=\ r'(li'p.‘ w(t)ydt, it e B,
i3
0 otherwise
so that

| Gy de = ‘i' heyde, gl = (| 4 ﬂl

v a0

Then the mnetion g Ge)=h (&) —7 (0) satisfies the couditions

\ Fle)de=0, Fe)=0 it axeh,— B
J;fl”'
We may assume that ¢ = 0, and let s be an integer such that 2! <
W = the radins of By, It w, is o point such that l.r-‘l,—("!] =
wy| > 20 2, since Noft)=0 for | 1] > 2" and g (#)=0 for re R~ B
it is clear that ¥4, (x,)=0 tor any i - s. Thus,
— i il
Hapim)= X xlGilan= X el o)
i=1 F=%
fov sty oy, sueh that |.r”l>:.-!’ choo2p Theretore by lemma 2 we
ubtain :
\ Hiute (&) [ da = | ]3 ol (el | de
258y e I B
y §

-, il';. H Fah, “1 = 0,2+ (1},’ + 2;15 s J l ¥ Hl

= g“l'”""f N+ lwllo=0y ] 2]

This shows that the operators H,, satisfy aniformly, with the same
eonstant O, condition () of the Corollary 1 of the precedent pa-
per 7], Since the operators H,, are uniformly bounded on L* (K"
(hy theoren 1), we obtain by the Covollary 1 of the precedent paper,
thiat
(1) | | Huhtey | rde 2 0 | | h|Ede, 0F p>1y

o I
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ey | | ] de s O Bl | |h)deyy, i 0<a<],

where 0, and 0, depend only on p and z, respectively.

[Corollary 1 of the precedent paper gives (41) with p<2. However,
the arguments used in Proposition 4 of the precedent paper shows
that (41) is true for any p>21.

By lemma 1, N
H,, [P, w)= H [ JP, Y - o | ()

for | a] < 2%, hence nsing (41)and the measnre perserving property
of 3., we obtain (denoting the volume of B(2") by Vim)):

j | LI K I \ | i i o J
\ l}l.,hffll :l-]]d!.!. = m g ) ! lﬂ;,.j (l’, m} l-" If‘.l»\' da

i gp ity L

| L i y 3 — ai L
= e ‘\? l H i |,-"‘ { P‘ ’ _)l'i 4 l(.’.‘l:) lJ' d-‘l?i dl.l-

| ; Ol—‘ \ S & YN i i { =
| 5 'Fﬁ_m . f S ]_} .[1, }_[g.gmi [3 die \ rll_t. =
W e

0, Iy | ; S
rﬂm} ' \ LR e oy
@ ppreath
Vi 1) . ) e
= 0, -j—ﬂ-—-!| WA lf' dp = 0,/ L) |# dyp.
V()
] Thus. the operators H,, ave uniformly bounded in L¥ (L), ), it p>>1.
Since (42) is equivalent to
— O, | :

| Bles | Hy i@ | 28] == S [ (e | dhe,

f i
by the same argument us the used at the end of the proof of theo:
rem [V, we obtain

pyBLP a2 N2 = 5| 1]
it

and this proves the theorem.

In proving the maximul theorems for the
assime, instead of ), the following stronger condition :
) IFAT (@) is the kernel defined by

operatos H,, we shall
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wi y (2e) + ILE e X {(2—Tm) (u-tlimenﬂiunnl ol K%

Ky =
then
(43) 1z = K Gl 2 0 li = R
T i=1,2, orif a-i 1512 i=1.2.

filed in tha cuse of the
£ the ergodie operators.
9. in condition
l o l I~ 2in

ondition ) is tull
¢ll in the cise o
o-1 and 2~ _]@l =

partit,il'm of the sphere

If is easy verified that ©
Hilbert teansforms in o4 as w
us that the sets [J-.-[ i

1t is obvio
peplaced by an otler

)y My e

tawo similay sets.
(13} implies that

Singe I (0y =2~ K2
) T
\ 44 ‘\ Ktpla) = K t""l s ‘.Lllf_ l):, 1

< S0 on it | l L,r‘l __‘_‘."—“. [Tere K, (@) denutes

i 2“—. -_1_1',1, ‘J'._l
il i K' (‘_! ‘I],'Iﬁ'.‘.

the k_m'ﬂoi Ky =
ZY, Bl 1Y

ernel satisfying conditions
is of the

Let K (x) be o &
maximal operator AL, defined by (28),
sfies condition (1). Moveaver, the oper
each m, for cach sp

Bothat | x -8 | <2

TuroREM V.
dand By, Then the
type s Jor ewch p>1, and serld
tors Tl (X) possess the j?n‘hm’.riug property :
Jumetion W (x ), for edeh XE& po. and for cach Xy SUC

it iy trewe that

[

Jor

| Tl e ] — O W |+ (L Bz ) () |+

[ﬁh |+ B li®1sa
byt thinrent © wird 111,

(4o

is the limit operatoy given and A is the

auhere T
Herdy- Litt lewood maeri mal operator

Proop, Let e R he w fixed point and @ sueh that - o] <2,

n_ N, As in (35) ol the proot ol theorem 11, we shall have

lHi] 'ﬁ..\' o "P_, = ﬁ,,, ! l"l'.}' o i ‘!l—;':\ ; h r."-"t\‘ N ﬁiu ¥ JH "'1)1

o — ) e dt

.
¥ jiRaie—n =Kl

=

i | Nie—1) = Kyl = ) ()it
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where

; N )
di= | IR~ — K fey — O] () dt.

s i

For a fixed s > m, and for 2* < |;u — 1] < 2=, we will have, tal-
ing in account (44) and =),

N
| 2 [Kife =) — Ko (@, — 0] h ()
N
= | ‘.‘_ [1\, @ =) = Kifey — O h(t)ei |
¥
= R X
= [ 12,1
_E ] Kx’ ['.l"- o "} - I\.s g '1'1 — “l ‘l""" ”.-h’;j’-]!
N—1
+ 4.|:\'1{m =) — Ky (e, — 0] [ Wi |
‘1 o e — U L
\ '-”” i k[ [hl{"(”i" = -\_J 121- dm II "’Jl
Henee,
Al D“.'\ T | i
\ (d,] < ‘ 2 g | ko] a
a—-ul '1' a1 |_« V=t °‘_.r'
A 3 ) m
-_-_’3 > é Ay < O AN ().

On the other liand, hy 2,

I N

1
\ r,[ < > j [ Hile — 1) — Koy — 1) ()] ar
el
a:- f= IN |;a— 1) -m
y N
(),_ - O \Y & o T

" . - -
=i [ V=it lr—t) - am
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This, we obtain now instemd of (33a) the following inequality :

(47) lﬂ\-'*h- () — ﬁ,_,,*fi. {a)— [Ey B (m,) — ", *th {0 l
= O AR (),

rom (A7) and (386) of the prool of theorem 11, we get

(43} l ﬁm."'k.( w}]_ oy ITI_\" h [-"lr'}-l'-i-l'ﬁ_.\' i LJ'LJ]
+|ﬁ\-'*"fr- () () [—[-Ak (at)].

Similarly, using (35) and (36a), we will dednee that

s | i, h | _0, f] f—?'\;"h (@) | +] Hyh ()]
[ H gy tmg) ] + D )t

and theretore

(43) | T, | O8] Hovh G |+ Hxli () |
| H b (@) | 20 o)

for any m N, Since the vight laud of the last inequality does not
depend on o it follows that

(19 I j}"j-h (.0) l__ 0, {I. !_f:\-ff () | +| H ol () l
+ l }} \f}\"f‘:m'ﬁ.‘x;'} l {_ AI{' l"'t‘.)h

for every @, such that |e—we | < 20
Allowing N tend bo infinity, in (4304), we obtain (45).

Formula (19) shows that My satisfies the condition () of Coro-
lary 2 of the precedent paper [8], and by theorem [V (he opera-
tors Hy are uniformly bounded on 1, and satisfy uniformly eondi
tion (1). Hence by the eorolary 2 of the precedent paper the ope-
sators My and J1 ave uniformly of the type p, p > 1, and satisfy
wnitormly condition (1), on the set D (77) of the step funetions of K.
By Proposition I and Covollavy 1, it follows that M and My ave nni-
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formly, of the type p. for p > 1. and satisty condition (1). From (his
we dednee by the avgnment nsed in theorem 11T and 1V, that M/ s
of the type p for p > 1, and satisties condition (1). This proves the
theorem,

Now we know that A is of the type p, for p>1, and satisfies con-
dition (1), and that 1, /' () converges to H £ (P) almost everywhere
forevery fel” (L), p). It is easy to see that the operators H,, su-
tisly condition B) ot §2. Besides usiug lemma 1 and lemma &, and
condition =1, we will linve

ir

n ”m.!“”h - ” 21"‘--'”i = ﬂ" “1

SO Ul 15 e is Hixed, ”j"“‘,, S0 implies H o) s~ O
Henee, by the argument used in Propositionl, 4) we obiain the
tollowing thieorem

Tusores VL The operatovs W8 coneerge in the p" wmeai to TV far
ceery el and evevy > 1. W () eonverges to LE(PY almost eeery-

hiere for any fe LV wnd eoery v Lo Bipedly, for every sef 10 = L gf

Sinite measure

lim | | HfeP)— 1, SR dp =0, it fely aml 0 <u < 1
U E

]Iu} |I ] I}_;l f!l} x .!fmg"‘ | l”] l (flj. == ". il“ I.f.l {l + ]ﬂg'L |.f ['I] € f.ill

W= K

The theorem Vounifies the Wiener srgodic dominated {leorenis
and the Zygmund maximal theorem tor Hilbert transtorms, amd in
particular the inequality of M. Riesz and Kolmogovoft' for the £4-spa-
ces. The theovem VI nnifies the ergodie theorems of V. Neumann
amd Birkhof sl the theovem of Lusin-Privaloft Plessner Riesz, for
Hilhert rransforms for the Li-spaces. p_ L.

PFinally. using the vesults of the paper (8] if is easy to extend the
vhieorems Voamid V1 ro double tvanstors /1, > H.. In feh, consider
s enclidean spaces [ = L' |, ., B% = {a® {, and in each of these
spaces B =1, .50 0 kernel KU (wt) satisfying conditions ),
Sle b By, and for eaeh K0 (@0 wo define the sequence of ker-
nels W and the operators H,M by the formmlas (T) and (10,
Now let us form the product space 3 L, v L0 = 0 LY A
ad the produet operators:
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(50) T,y oty (s wos PO) = Fi 0 Hop o Hoy [ (2 )

W, iy _ '
= S o B e b KN 3 W
i =—in iy==mn, ik F

£{Ge, Pyvry g, P ALt . dlitf

By (45), these operators satisty the iy pothesis of theorem 5 oof the
precedent paper (8, therefore from theorem 3 of the precedent
paper, Proposition 111 and theorems IV, V, und VI, and using pro-
position Ta, we deduce easily the following theoren

Tugores VI a) The magimal operator

j}’f': P‘, chey !”} = ®up Eml ....JIJJ_h_f(Ijl' "'!'Iu}

Al i,

is of the type p, for every p> 104 wd the operators

5 — { (). .o P comrergein the P mean and pointwise [or every

fe Lr(Q} 3 9t e ph il p > 1 S
by If the operators (B0} are defined on the spaees U, imstead of R

and if pd(Q7) < =e, then

oo { | TP AP d 2 < 00} | o | /1 tog (7] d P.dp

o, by i, ik

+ o,

Jor erery o<1, where C X O i the () + i) — dimensional
torus (¢fr. [8]).
In this case the operators Jﬂj'm,._ oy TPy P¥) donverip pointwise

1o ﬁi"(l?i,.... Py almost vrerywhere, fm- very _ﬁuwﬁ'r_m{ 1 sueh tht
| Fl+Tog*] £[1) el

It i% necessury to observe that in the last theorem . ..., u tend
to infinity independently one of the other.

Theorem VIL contains as particnlar cases the ergodic theorems
of Zygmund and Dunford and theorems of Sokolowskiand Zygmund,
for ordinavy double Hilbert  transforms, mentioned in the intyo-
duetion. Sokolowski and Zygmund consider only the double Hil-
hert transform of the ordinary L-dimensional kernel K (&) =",
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and their proofs are based on the theory of analytic functions ov
trigonometrical sevies, of two variables. Theovem VIEL furnishes, in
particular, the extension of Zygmund-Sokolowski's results for the
n-dimensinal kernels K (@) = (2 ;’-[m-']-", and by purely measnre
theoretical methods.

6. Final remarks. We want to mention some partial and still
incomplete vesults, which we hope to develop in future papers, and
indicate some fundamental problems.

A) As an ilustration of the method of functional velations, mentio-
ued af the end of the Introduetion, we will shiow that, in the case of
the ordinary 1-dimensienal Hilbert transtform H j, there exist simple
relations between Hf and / which aetually permit a very simple proof
for this Dasie propervties of 2/, The method can be extended to more
ceneral sitnations. '

Let D be the set of all step functions defined on B = Jw{ (o
any other set, dense in all the Lr-spaces), and H = HJ(x) an opera-
tor with the following four properties: 1) Hf assigns to each fune-
tion feD another function H/ (x), finite almost éverywhere on R,
and Jfis linear in /. 2) His of the type 2 on D, that is [|H/]l= 04/l
for any feD. 3) Hf (i) preserves translations and dilatations, that is.
gle)=[(ea) implies (Hg) (o) (Hf) (e + ). and b (@)=/(he) implies
(LR e=(1f) (he).

1) for any /1, yeD we have

(1) g |=| | HI (o) og (@) da|=] | Hglo).f (@)]=|(/, Hy)|

ath Bt

For instance the Hilbert transform Hf = Hf = lim f—f,.,‘_;-' is perfectly
well defined on D and satisfies conditions 1)-4).

ProvosuirioN, Let HE be an eperator defined on D and satisfying
conditions 1)-4). 1f, besides, H satisfies

(n2y, [/ @) ] O] f () ]+ 0, [H [ 1), feD,

where Oy, Ogdo not depend on 1, then H is of the tgpe p, for ceery p>1.

Proor. We will fivst show that if H is of fype Py then it is also
o the type 2p,. If fact, from (52) we have

(hi) | | HY (o) | dae = 0O, | ! L/'{_m} [2# e+ f [ 114/ Hf) () | deot




I Hois of the type pp. then

\ [ H S HE Yy ]Pedae —

{ith

_ O S [Pede |
and from (33 we wet

\ LHS (e 0, 1 | | S1e) e da

At

Defining = by

it follows that z
O =0 (p) that is

type 2,0t follows that I is of type p for p = 2,04, 8, ...

.3 || [ H‘j'{-l‘l ‘i‘-':". d.t'! |.:.

| l-f'f_,f'l")?'- o = | ]!] . ol

sutisfies the dnequality

V| HL da O ]If'[u-'.. i

o, || Lfeey [ ] H S e ].J' d.r

+ | | H S e 2 daed 2L e ] de

s Mk, (1 %= V=), hene

arl this proves the assevtion. Now, sinee I is, in virtue of 2), of the

o condi-

tion 4) it follows then easily that H is also of the type p’ for p'=4 3.
S/7, 16710, Henee (efv, theorem Lol the precedent paper [T)), 11 is of

the type p, for every p > 1oand this proves the proposition,

We will now dednee the basie properties of the ordinary -dimen-

sional Hilbert transtorin by extremely sinple considerations. For
any step funetion /i the Hilhert operator

i well defined. I/ = /) ix the eharacteristic function of an inferval
I e k' then ) () is ealenlatel very easily (efy. Introduetion G,
Hence, for the simple ease when /() is the charneteristic fnnetion

of (0, 1) it is easy to verily the velation :

(hd)

LB Gy = MIELY ()

Sinea this is a linear velation, and since J° preserves translations
and dilatations it follows that (54) is troe for all step funetions feD.
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Itis easy to see that [l satisties | (1 /gy | = [ (/i Hg) | Therefore
from (54) it follows that (U7, 1)) = [( L HUEY ] = [ =Y =60,
ence [| Hf ||y = |[/]ls. and His of the type 2 on D. Thus /1 satisties
the four conditions 141 1b is easy to verify that H satisfies the
finetional velation

(5i) [ 7 )P = ¢ FLen® 4 2H(T. 7y
Tor eyvery /el This can be ehecked by o direet ealenlation or Ly the
following avgument = For the simple ease = it is easy to check

that the Fourier transform J’-}ff' of Hf satisfies the relation
(5 HE (o) =/f (e (o) where I lwy=1i.sig v

Henee by lineavity (35a) is trone for any feD. Since the relation (55)
is equivalent to

CHLf % HE) (o) =( 3 f Y 1)+ 20 (@) ]S () % HY L) b

Formula (53a) shows that this velation is troe for any feD.

From (55) and the above Proposition, we deduee that H s of the
type g, for every p > 1,

In the precedent paper (18], Example A), §2) we have seen by

very simple calenlations that it 1, and M, ave defined by
i
o= |
g =
| = r
il

Mf () = sup | H [ (@) ]

then M and Jave related by the inequality (D) of the precedent paper,
and conseqnently M is of the type p on D, for p>1. We are now in
position to apply Proposition T and Corolary I, and we obtain the
pointwise and mean convergence of H [ to H/. as well as the Riesz
and Zygmund inequalities.

We have thus obtained the proof of the fundamental facts of the
ordinary 1-dimensional Hilbert transtorm by very simple considera-
tions using only the fanetional relations (54), and (55), which have
to be ¢liecked only in the simplest case when /() is the characte-
visitie funetion of the intevval (0,1}, wd this is o watter of elemen-
tary Analysis,
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B) 1t we arve intersted only in the mean convergence of the ope-
rators I in the L¥-space, then the assumptions on the kernel K (x)
can be considerably weakend. As an example we will consider here
the case of the 2-dimensional Hilbert transform lkernel K () dleli-
ned by

K(z) = %Ig-) I 1 [2]_2, andzero otherwise,

@

where 2 = | z]e” and ‘iw(ﬁ} dt=0.
il

Let

f\‘-,:‘{z}'z i‘-“:—;? i ﬂ(}.__-_f__]-zl?: 1.

and zero otherwise,

i

and

V. () = [E’EB+!):]-1-(9~£} =0 ([ Wig+t)— Wo—n i)

tgt /
Since V., is the « cutted » Hilbert transform defined on (0, %) of the
fanetion W, and since 1V is absolutely continuons, the limit

Tim Vot = v (),

1 =50
exists tor almost all 4,
In the following lemma w (0)is only assumed to be integrable
and have its integral equal to zevo. By 3 (1) we denote the Fonrier
transform of A ().

LuMMA, Let s = |2 | e ol = ] 1 [u"‘. Thew, fov alwost (1l o and
u it its true that :

w i
) Fy(n) = N, + VvV (g =5 ._'] =N (.-_-, 4l T),

wlwe ] w i

where | Ry, (u)| = 0, = absolute constant.
) For almost all u there ewists the limit

w0
=0 a—pa

K. () = lim K fu)y= ¥ (r: 4 Z:) + vV (r; -|-E)
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|
.l
R |
I
i
=~ 161 — Tl | 4
- - i
No(ujis independent of' lul. that sy 0t dependy My on 3, and ax “« :
Junetion of g:
Ae 12

y 27) (R ”_s._', 0,.]] W]
) 11K, (w) 1= M, thiey,

,jfu )| = O i M+ Il Wil + [[ ”zi

Prooy, We hayve

) R [ :': il gy = 1 ) )
I, (h) = ' ;‘w{c + b) I r;————_ dpf et

F

=it G=ju i

o] ) s b

R LN
I 4 [ + J 4 fw(a--w; [ ‘i;&-arpr,wﬁfa-;-}:.
ll .:- n Hrfd H .

ER T [T

The fiesy intewral Ly be writgay
=2 Wlhe | isas g g By _ 1 i’| 1

R R 3 e
[, == In.-(:.—+b‘) l 2 2 dp + | (a4 b)) | :

Wl eon il ln s F

A e =j2 ol i g d
. P . .

= ‘ E—r(pf—f— ‘ 10 G’+U} ‘ r

+ ’ w (b4 g ' de

i s[r[(ﬂﬂll alw] o

] cos (z—g =1

Here (), is suech that i

|| cos Uy=1, or 1]
Taking iy

acconnt thyt

e |
% lo.

We see that thie first thyee integrals give g finetion B () sueh
that | 21, () [= 0, s0 that

Iy= i (u) —log . ,ﬂ-’] l (b +]na'_p, Jullw (;;—:) ol | 'f (0,)]
i ?“
= | w(o+0) log cos 1 g,
i

i inl:ugr:tting by parts the last term,
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T = B, ) — loge 3, [er[ ‘w' () et 4 (log “]n[m w, ,) - \

i M

Wity sin b
vps

Applying similar transtormations to 1y, 1.- Lowe wer

No(w) = B4 B+ 109, 4+ R -

i (= n_

H \ ‘ R |'-+H} sin f b + l

s li

|
le

Sine (w2 — )= = O[in(z2 — 0] = 0 |{eos Bt and sinee
[eos li,.[ = = | | weobtain ).

I'eom the proot af @) is also eleare that lim ll',,nr} = "o+ =+
Vig + 3/2). and sinee | ] Il Oy [j Wlay we obtain b Finally it

[ Wc )| M we obtain feom b) that | P +n2) 4+ Vie+ dw L
Theretore the Abel sums of the Fourier series of 1 (e -+ =) +
Vie+ 3% 2l =conjugated Fourier series of 1, ave aniformly bownded
by O 0, amd being bounded, the V NV difter fram the Ahel

il i

sims i less than 0, hnp| W H’J}[. uull we ohfain el This proves the
lenme

Corovrary. Let K" (z)= wit) |z [* if 1 _| 2| _ 2, and zero other-
wise, be o sequence of kevnels. If lim sup JEW () — W] = o.

T ]
Pl B0 () UK (0 bt everehere,
Assume now that the Fourier sevies of 2 (H),

AR P, M L
ix suel Chat
N B, e g, 2 i
.H

—=y

is hommded (=, = = 1. Then it follows from the Tewng, and from
Well known properties of the Fourier sevies, that | K (u) |~ M und
() l = M. Sinee U, f = AN . '!-_f_.,, A ) = R i.'f\, LY
Miowe obtain | g Sl < |1/ |l My and by the Plancheral

it follows that the operators 11, [ ave uniformly honnded

ot
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in LA Moveover, fom K (0) = K (1), boundedly. it follows the
wean converge of M, £ for every fe LA Fovthermore, from the Covg-
Havy, it follows that if the u]nm-:tr:m's-.ﬁ“'_}'-um detined by the kernels
i
Jitmi = N 5’.;( t"l'h-ll.
FS—

wiven by (e paetial sums of the Fourier series of I,H'-}, then ﬁi.”? T}
fefvs Mililin [ 1)) Similar generalizations may be abrained for the oo
neral kevnels and opevators I, defined in § 1, nsing the Tavdy-Lit-
tlewood tanberian theoren.

€y We will mention now twe fundamental probdems for the Gene-
val operators I, The thearens VI proves the convergenee of the

dosthle transforms 'ﬁ‘;,-,‘,“, S Pyand the bonndedness of .-‘f';",f.'( 2
Lo, only for fe Ly with p > 1. 1t is an open problem (even lor the
ordinavy double Hilbert teansform) whether the maximal operitor
M satisties condition (1), and whether the pointwise CONVergeie: is
tewe for fe LY This prohlem is specially important, becanse it l}:,ln,_'}'
is the ordinary donble Hilbert transtorm on €03 €' it vedievs 1o (e
problem of the Abel sumability of donble triconometrieal serices,

In the particular case where 1/, /' — D= theovem VI
reduees to Known propreties of the theory of strong difleventiahi
ey In this ense it is known that Tim D, D, /e, g exists i 2 andd 7
tend 1o zevo independently ad [ [ ogt [ £ 6L, orifz — ¢ ani
Jell.

Sinee the operators DD, of the theory of strong diffeventiability

wee very particnlar eases of the opérators "'-!"'".""'\' amd sinee the theory
of strong diffeventintion has been lavgely developed, several impor-

tant problems avise for the geneval donble operators J'T{h,,,,-,,,. The
most important of thiem e the following.

Licamalogy with the theory of strong diffeventintion it is natural
to eonjecture that the limit of H i (1 )y iy @D, W€ T A0S
ot exist, wnd Idoes not sutisfy condition (1), if fe L', nnless the
idetinivive integral of /ue. ) is strongly differentiable. Tnstend,
it s natueal to eonjectnre that the limit of .!I,.-..,.: exists i my =,
and fe L's or it my==my and ]}"] log® | /' & L) These problemsare still
more diffiealt if M, isdefined on a general spaee O, L, heeanse
itis necessary first to extend the theorems of the theory of stiong
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difterentiation to the operatsrs Dy of the ergodic theory, We have
partially investigated, for these operators Dy some analogues of the

theorems of Ward and Besicoviteh, as well as the convergence ol

DDy [ (even if o,. 6,7 do not commute) (efr. [19]), howeveer our
results ave still too incomplete to bie given heve.

In analogy with the classical theory of differentiation of funetions
o intervals F(J), it could be also interesting to investigate tlhe
following kind of prohilems. Let L), 5. be as before. and consider
a funetion F(£, J), where Pe), and o/ is an interval {or a cube) of
I osuceh that

Wy FP, D=1 is a measurable funetion in 7, for fixed ./,
() (P N=Fp () is and additive function of the set ./,
Gty Py Jy=F (. J 4.

[ais o fixed veal number we defing .

‘ PP
D #(Pa)= IIlm sup J‘_E_l__j’ wed, ]-I|' -,

J' = *

and similarly we define the devivatives DF (P, a) and DE(L, >o).
For instance, it /€L (L) and if

]

F(P D)=\ L&) dt =\ flaPYdt,  J—(a, b,
P

then the ergodic theorem states that the devivatives DF (1%, so) exist
for almost all P. It seems that theorems of unicity of the Perron-
Denjoy theory, as well as other facts from the theory of defterentin-
tion, could be extended to these general derivatives.

D) The Timit operators Hf = lim H.f are continuons, but not
completely continuous, operators on the Hilbert space L* (L)), While
the elassical theory of Fredholm-Riesz studies equations of the form
(1 =) f=g where 1is the identity operator and Tis a completely
continuous operator, Carleman, Noether, Tricomi, Mijlin and other
have stadied the singular equation of the form hf + Hf + Tf=g,
where H is the n-dimensional Hilbert transform and 7 a complefely
continuous operator (efi, Mikhlin [14]). These equations correspond
to the general theory of quasi-Fredholm operators, developed by
Nikolski, Jalilov and Atkinson (efr. [20]).
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Thus, the first fandamental roblem for the general transforma.
tions HY = lim H,f. is to investigate whether the Tricomi-Mikhlin
theory applies to these operators B/ and whetlier {hese
give all the quasi-Fredholm operators on 1, (L2},
For this prpose it is necessary fiest to investigate the spectral
properties of the operators 77 and specially exte

ml the theory of
«symbols » of Tricomi-Giran-Mikhlin, I inally, it seems natural to

investignte the aperators of the formn H,, L=/, where T, are
Selwartz’s distributions « generated » by

alixed distribution.
We conjecture that the Iilbert transtorms may be eharactevizel as
those operators I = 1 I,

i = Tim L%, which possess the two
following properties: they are quasi Predholim aperators, and second,
they commute wirh translations and dilatations tefr. § 13 Gy, On the
other hand the operators of the form I, T = 153, " K, should ha
considered, where 7' is a distribution.

Such operators have been
considered by Horvath 21 for the particnlar kernels K (o) =p—!.

The solufion of this fandamental problem would show which of
the generalized opevators I/ (1) = lim M, (Y definedin § 1. could
be of real intevest for the A nalysis,

operators /7

RESUNMEN

Lav analagin enbee In teoria de !
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todda e 8n, e,y e el p 1. 2 si po= b entonees Myl converge -
Pidn en media-p. 31 1 apesslay st ML 0P == supne | i £ | s nentado
solive Taesforn muitavia Qo Ly, 2, 00, 81 p o 1L

Si= 0 =Jifs 5t =it w sUK = () | 1< R = W ()= 1)
e los danids puiitos g o or = nun foeion et depende de | @], eitoness
Hf= 1 My 0 o B brnsfieaanlin de HiDwrt uodinensionan), B oesto. casiy 1, 21
¥ Brdan los resultadeos chisicos (it Lasin-Rivsz- Koliwogoroll cver (1] en fn i
Bliogralio qne presedan sion— 1, §1os pesiliados vociiintes de Zygmond v
Chnlibydiny (200 sion .

B es i espacio geteral, yosi Koo — 1 parw || o1, Ky =51 piira
Podo] 220 Wieh =0 en Tos deiiis puntos, entonees i son los uperadores
wradidicos oL 2 Bdan oy teorenius ergddicns de v. Nongann, Bickhott y
Wiener .53] Iy

Peoliiinos adenis vesnltados similares parit los operadores dobles Hy, £(P, ),
Diisstos s olifienen, v pasos pavtionlares, los teoremis ergildices n-puri-
merrisos e Zysniiod-Dunford (4], asi conto Jos teoremns e Zygmund-Solo-
lowsky ([8]1 veferontes a0l pennsforndida doble de Hilbert, 1-disensional.
Niestros vosnitalos proporcionan en paatienlie exténsion de eshosspesinine-
Ao alpe ?}_'\';.-.'-u_u_:|1i|~.‘inlanlc‘;l\\'sk_x woniteloos nedimansionnles.

b s démnstraiones de los teoramis anteriores nsamos o solo mGtoilos e
e teovinode D ealidin,. B efecio, - nnestias demostragiones se bugan en tres
Tunvenins solive espnelos L, e ot <lilocdados en Tos fres b b preeeden -
fes (6l [7]. (8] Si estwmos intoresadossolo s ol cilo W= JE0 B oneds L teoriy
se simplifica considernblemente, gomo ha sida indiowde oo s afemplog dis lis
rees tEaljos nnciniados 1 esto proporciona. en partionlar. wno bostamisnto
nnevo s simgplifieado dis b teoriin Qe bransformndas de Willert,

Por oten puete. mostenmos qie wsando fearomas fuberianos en grupos topo-
fosgiens, s piogle extonder Ia teori pati wieless A e delividos en @i
alvlipnos localminte compagtos. Bntre otras cosas. esto prertnite T wndfegeig
A das webriis wdiscedtas sy waonbinnes o, tales comn T toorin (e M. Riesz de
transtormilas de WHThert diseretas o e stesiones v o feorin ordinaria de
v formados de Hithovi, g oplicncion, es ui exténston del fentemn gred-
dimy s wripns generades, debide a Calideron [9]. Desde firestro puito e viso,
T tennstarnindas de T bert ¥ los teoremas ergadicos delivrinn alitenerse g

ensns pratienlaes de feardmas taaherisios sonersles,

B ol teabajo preesinti extendonios o los operadores generalos Ho tan solo
Ins Bechos mis fondnmentales de L peoriy de feapsfivmadis e Hilhert o de Ta
teorin crgivlica. Nos parecy 1] 1 In extension de los aspectos wids profhndos e
dsEs beorbas pailei alivie an campe interesante pura b investigueiin fver espe-
etuhoenne o 6y I
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